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1 Online Convex Optimization (OCO)

At step t = 1,2, ..., we propose w; € V C R? where V is closed and convex. The enemy then chooses a convex and
differentiable loss I; : RY — R and punishes us by l;(w;) € R. Assuming T such steps, let u = arg min,, ¢y, Zthl It (w)
denote the best hypothesis in retrospect. We want to upper bound the total “regret” as a function of T":

T
> (wy) = L(u) < B(T)

The goal is to develop an algorithm for achieving a sublinear regret bound B(T) = o(T). A sublinear OCO algorithm
can be used to solve CSO (see Appendix A). A well-known lower bound is Q(v/T); there exist environments where
no algorithm can achieve regret smaller than /T asymptotically (see Appendix B).

1.1 Mirror Descent

Let Iy(w) = l;(ws) + g (w — wy) denote the linearization of the loss around w; where g, = Vi;(w;). To make the
minimum finite, we regularize by the Bregman divergence Dy, (-, w;) (Appendix C) where ¢, : V' — R is strictly
convex and differentiable. Assuming 7, > 0, our per-step objective is

. 1
wyq1 = argmin i (w) + — Dy, (w, wy) (1)
weV ui
For instance, (1) becomes gradient descent when V = RY and v;(w) = %||w||§ and exponentiated gradient de-

scent when V = A%"! and ¢;(w) = —H(w) (Appendix D). Instead of computing (1) directly, we may perform
unconstrained minimization and project:

Wi1 = arg mdin mele(w) + Dy, (w,we) = Vb (Vi (wi) — mige) (2)
weR?

Wyg1 = argmin Dy, (w, Wet1) (3)
weV

where 97 : R — R is the convex conjugate of 1; (Fact E.4). We can show that (1) and (3) are equal.! We call
this approach online mirror descent because the current hypothesis is “mirrored” to a dual coordinate system
2 = Vb (wy), updated by standard gradient descent z;41 = z; — M:g¢, and mirrored back w11 = ViF(2¢41) to be
projected to V.

1.2 General Analysis

Since (1) is the Bregman projection of w; onto V regularized by ntit, the Pythagorean theorem gives us Dy, (u, wy) +
nele(w) > Dy, (W1, we) + Dy, (w, wit1) + Ml (wiy1) (Lemma C.3), or

Dy, (uw,wy) — Dy, (u,wer1) > mele(wegr) — nele(w) + D, (weg1, we)

g
> gl (we —u) + negy (wes1 — wy) + Et |wepr — thf (4)
Ot 2
> g (wy — ) — e Hgth,* [wigr —we]|, + B} |[weg1 — we[; (5)
T 77152 2

> gy (we —u) — 20, lg:ll; . (6)
771:2 2

> ne (le(we) — le(u)) — 20 gell; . (7)
Ot

(4) assumes that ¢, is oy-strongly convex with respect to some norm |[|-||,. (5) uses Hélder’s inequality w'v <
gt

|[w]l, [|v]], . where [|-|],, is the dual norm of |||, (Appendix N.2.1). (6) minimizes J(z) = (%2* — n; [|g:|l, z) over
2 € R. Finally, (7) uses the convexity of Iy, i.e.,

1Since f(2) = Dy, (2,Wi4+1) is strictly convex and differentiable, (3) is the unique point w* satisfying Vf(w*)T (w — w*) > 0 for
all w € V. Likewise, since h(z) = nl(z) + Dy, (z,wt) is strictly convex and differentiable, (1) is the unique point v* satisfying
Vh(*)T(w—v*) >0 for all w € V. But Vf(2) = Vipi(2) — Vabi (1) = Ve (2) — Vbi(we) + nege = Vh(2).



)

g (wi —u) > lp(we) — () g/ (wqu)

t

Rearranging, we have a per-step regret bound I (w;) — l¢(u) § - (Dy, (u, wi) — Dy, (u, weg1)) + 5% ||gt||§>k Thus
the total regret can be bounded by '

(8)

T
1
th wt —lt 2177 Dwt u wt) Dwt(u wt+1 +Z Hgt

1.3 Euclidean Analysis

(8) applies to any Bregman divergence. However, for most practical purposes we use squared Euclidean distance
Dy, (z,y) = 3|y — x||it weighted by a “preconditioner” matrix A, > 0.2 It is induced by ¢ (z) = 1 ||x\|it which is
1-strongly convex wrt. [|-]| , , thus the second term of (8) becomes 3 23:1 e |19t |124?1' The first term of the bound
(8) is now

T T
1 1 1 2 2
> — Dy we) = Dy, (wywesa)) = 5 3 — (Jhwe = ulf, = lhwrs —lf,)
=1t =1t
T
1 1 2 1 2 ) 1 2
== — ||w — — ||ws —u - — |Jw —u 9
330 (5 o s, = el ) = o — ol 9
T
1 2 1 2
<530 (5 o=l = - o=, )

= ;i(wt —u)’ (;At - Atl) (wy — u) (10)

-1

(9) uses the dummy variables 1y = oo and Ay = Ogx4. To get a general bound, we can apply v' Bv < ||v||, || Bv]|, <
tr (B) |\11||2 (i.e., the consistency between the matrix spectral norm and the vector I3 norm) to (10):

(A 1>) e — ] 2 (1)

N
B
\

£
_‘
7N
| —
N
\

‘H
=
|
N
g
\

£
I/\

= Z <tr (Ay) —

- max”_, Hwt —ulf; Z ( 77:71“ (At_l)) (12)

Telescopes!
_ (max{, [[we — ully)tr (A7) a3)
207
Note that step (12) also requires %tr (Ar) — ﬁtr (A¢—1) > 0. To ensure this, we will generally assume that
=m0 =M =122 =207 >0 (14)
Ogxag =:Ag <A1 R Ay = --- < Ap (15)

2For A = 0, ||z||, = VaT Az is a norm on R? with ||z|| ;-1 as the dual norm (Appendix N.3). For the sake of simplicity, we will
assume that precondioners are positive-definite (e.g., add an infinitesimal value to the diagonal).



If Ay = A across t (i.e., time-invariant preconditioning), we can avoid the lossy inequality (11) since

T
1 T(l 1 ) 1 ( > 2
= wy —u —A——A) (v —u) =< — — — ) |Jw —u
32— (A=A )221 ) =l
T
maxt_1|wt—u||AZ(1_ 1)
- 2 = \M N1

2
20t
(16) is d-times sharper than (13) when A = I;. If we further assume that 7, = n > 0 across ¢ (i.e., fixed learning
rate), we can make the bound still sharper (recall ny = o0):

2
w1 — ully
2n

(17)

1.3.1 Algorithm and guarantee

Since Vipi(x) = Asx and Voo (x) = At_lx, we update w11 = Vr (Vo (we) — nrge) = we — ntAt_lgt. In summary,
we start from some initial hypothesis w; € V' C R? (with dummy 79 = oo and Ay = Ogx¢) and for t = 1,2, ...

e The enemy picks a convex and differentiable loss I; : R? — R and we suffer I;(w;) € R.
e We compute the gradient g; = Vi (wy).

e We pick a learning rate 1, < n;_1 and a preconditioner A; > A;_;.

e We compute W1 = wy — ntAt_lgt € RY,

e We project w1 = argmin, oy, Dy, (w, W41) € V.

Let Dy = max;_, |lwy — ul|, and D41 = ||wy — ul| ,; for the special case A = Iy, let D = maxy_, ||w; — ul|, and
D; = ||wy — ul|,. After T such steps, we guarantee by (8) that w; ... wyp € V satisfy

T T
D%tr (A 1
S l(we) — o(w) < ZEET LIS e (always) (18)
2nr 2 H ¢

T D2 1 T
D h(we) = l(u) < W 5 2 el (if A, = A) (19)
= t=1

T " T
D h(wy) = li(u) < 3 > llgell (if A, = A and n, =1n) (20)
t=1 t=1

In principle, D4 can grow as O(T). This issue is usually addressed by assuming V' C R to have a finite diameter
A = max, ey ||z —yl|, so that Dy < A is constant in 7. But this is not a solution, and in practice V = R?
almost always (i.e., no projection). Thus we will assume V' = R? and treat D4 as constant in 7.

2 Stochastic Gradient Descent (SGD)

SGD uses no preconditioning (i.e., A = I;) and specifies the update
W41 = W — NGt (21)

corresponding to constant regularization Dy(xz,y) = 3 ||y — x||§ in Euclidean space with ¢(z) = 1 ||x\|§ As a
special case of mirror descent, it satisfies the regret bound (19) (or (20) if n, = 1 > 0 is constant). But the
derivation becomes particularly simple, so we give one below. For any ¢:
2 2 2 2 2
llwe = ully = [fwesr = ully = Jwe = ully = |[we —w = 1gell; = 20e g/ (we —u) =0 ||ge]l3
—_—

2l (we)—le(u)

yielding the per-step bound I;(w;) — Iy (u) < 2m (||wt - uH2 — w1 — |5 ) +4 HgtH; that telescopes and gives us

(19) (assuming n; < nm;—1) and (20). This is so much simpler because we are able to skip the use of the Pythagorean
theorem (which holds exactly in this case, check the conditions in Lemma C.3) and other inequalities in (4-6).



2.1 Analysis

Assume a bound on the gradient norm L > max/_, ||g:||, (treated as constant in 7). If n; = 1, we have from (20)
- D} oy U
> li(wy) —1 <Dy § L4+ LT 22
2 t(we) — I (u) TR 2 lgell3 < + 5 (22)

It is clear that choosing n = f makes the bound O(\F ), but we can explicitly minimize it over 7. The minimizer

isn* = L\/lf (not practical since D; and L are unknown), yielding

T
> bi(wy) = li(u) < DyIVT (23)

If T is unknown, we can use the per-step learning rate n, = % Since it satisfies n; < n;—1, we have from (19)

D2 2 (&1 D? 4212
th wy) — 1y (u _74— ZmHgtHz 5 ﬁ+2<zﬁ>§<2>ﬁ (24)
t=1
<2vT

where the inequality Zle ﬁ < 2V/T is a special case of the following fact.

Fact 2.1. Let z1...27 € R? be any vectors and let X; = Zle xlml—r > 0. Then

Z Tx, 2, <2tr( 1/2)

If d = 1, it can be stated as ZtT:1

Br by >0 where By = Y;_, b > 0.

T <
Proof. tr (X'/2) € R is concave in X = 0 with gradient %X‘Tm. Thus tr (AY/?) < tr (31/2) +tr (lB_l/Q(A B))
for any B = A, or tr (31/2) —tr (Al/z) > ltr (B’l/Q(B — A)) Since X; = X;_1 + x;x, , we have tr (X1/2>

tr (thﬁ) > 1tr (Xt 12 Ty, ) =iz) X, V2. ¢~ Summing both sides over ¢ gives the statement. O

2.2 SGD with Polyak Momentum

SGD (21) is vulnerable to gradient noise (e.g., when the Hessian has a large condition number). With Polyak
“heavy-ball” momentum, we instead consider

V¢ = gt + V-1 (25)
W41 = W — NVt (26)

where 0 < p; < 1is the “momentum” (but more like friction) hyperparameter and vy = 04. We will typically assume
constant momentum p; = . The gradient g; acts as “acceleration” and only affects the parameter indirectly through
“velocity” v, which builds up in a direction that has consistent gradient (e.g., v4 = g4 + pgs + p?g2 + p3g1) like a
ball rolling down a hill. Note that the accelerated update v; can be larger than the average gradient. For example,
if g, = g for all ¢, we have

. 1
v=fim o= g 27)

(e.g., with the typical value p = 0.95 we have v = 20g). In the OCO setting, additionally assuming that I; is
L-Lipschitz (i.e., |l;(w) — ls(w)] < L||w —w’||,), we can show that the regret of (25-26) with constant learning
rate can achieve the bound (Lemma T.3)

T 1+
S li(ws) = li(u) < DiLVT Z

which reverts to the optimal bound for SGD (23) when g = 0 and blows up as g — 1.



2.3 SGD with Nesterov Momentum

Nesterov (1983) propose computing the gradient at the hypothetical next location given by the current momentum,
which yields the following update?

[\
09)

Ty = Wy — M tV¢—1
g; = V()
v = g) + 1

Wt41 = W — NVt

w N
o ©
—_ = =

o~ o~~~

31

There have been efforts to relate Polyak and Nesterov momentum in a unified framework; see Appendix F for an
example. The gradient may be computed far away from w; if momentum has built consistently. Nesterov shows
that this “peeking” achieves the optimal first-order convergence rate O(1/T?) in CSO (Section A.1), justifying not
looking ahead further.

2.3.1 Double momentum

Naively computing Nesterov would require making two updates per step: one to compute z; (28), the other to
compute werq1 (31). Instead, we typically use the following reparamterization. Assuming constant momentum p
and learning rate 7, (28-31) can be written as (Lemma T.10)

9 = V()
Uy = gy + fve—1
Typr = ¢ — Ne(g; + peve)
Thus we may update the “fast” weight z; directly with “double momentum” to perform Nesterov exactly. If
Me+1 7 M this is not exact, but for common learning rate schedules (cosine/linear decay) |n: — ner1| < 1t so
implementations usually ignore it.

2.3.2 Double momentum with transform

More advanced opitmizers can be seen as applying some function transform; to the final parameter update o;.
Nesterov momentum in this case is (with constant )

Wiy = Wy — nttransformt(gé + ,U'Utfl)

(where g; = Vli(ws — nepvp—q) is the future gradient). We have shown that the following double-momentum
reparameterization

Vi = Gt + HeVi—1
w1 = wy — ntransformy (g + pevy)

(where g; = Vi (wy) is the current gradient) is equivalent for SGD (i.e., no transform). The equivalence does not
hold in general (e.g., if the transform depends on g;). Nonetheless, many optimizers perform double momentum in
some way and call it “Nesterov”, which is functionally more of a variance reduction method.

3 AdaGrad

In (22), SGD uses a constant learning rate n = % that ignores the gradient. But we can avoid the lossy second

2
inequality and directly minimize the first bound % + 2 Zthl I gtH; over n. This yields a potentially much larger

learning rate n* = \/ETDlllngQ > L[\)/lf and a tighter bound
t=1 L2

T T
S u(w) = l(w) < Diy | > lladll3 (32)

3The literature often uses the equivalent form:
wer1 = ye — M, Vie(ye)
Y1 = wip1 + Te(wi41 — wy)

We can show that (28-31) can be mapped to this form for some S, y¢, 1}, and 7. Nesterov uses 74 = t-e—% for the convergence analysis.



assuming Zthl [l gt||§ < (max’_, || gtHg)T (i.e., big gradients are outliers). The learning rate requires the knowledge
of all gradients g; ... gr, so it can only be set in hindsight. But we can use the partial sum:

D

== (33)
V2= g2
Since it satisfies n; < 11, in a complete analogy to (24):
T T T T T
D* 1 2 _ D 2 llgell3 3 2
Z (we) = li(u T+§Z”t||gt”2§§ ZHgtHz Z 2 <5 | ZHgtHQ (34)
= o2 = =RVoSANIPIT =

§2\/ Z{:1||gt”§

which is only ~ 1.5 times worse than the oracle bound (32) (assuming D =~ D;). We can scale (33) by Y2 ¥2 to slightly
improve the constant to ~ 1.4.

Instead of a learning rate, we can similarly find an optimal preconditioner in hindsight and work backward. We
assume the update wyyq = wy + A7 1g; (i.e., n = 1) where A = 0 has absorbed any fixed learning rate. Denoting
5 =w; —ueRand Or = ¥/_, g:9/ > 0, we may consider minimizing (20) which is equivalent to

A* = argmin 4, Ad; +tr (A~'Or) (35)
AERIXd: A0

J(A)

This is a proper convex problem. J is bounded below by 0 (both terms are nonnegative). J is convex (the second
term is well known to be convex over A > 0). The feasible set of PSD matrices is closed and convex. Thus an
infimum exists. However, no A* > 0 attains that infimum. A* cannot be a boundary point (i.e., has some zero
eigenvalues) since then J(A*) is undefined. For A* > 0, we must have (VJ(A*), A — A*) > 0 for all A = 0 which
means VJ(A*) = 04xq. But this condition is

516T _ (A*)—loT(A*)—l
which is impossible due to a rank mismatch. This implies that while a limit on a series of increasingly degenerate
A > 0 achieves the infimum, the minimizer (35) does not exist.
3.1 Diagonal Preconditioner

AdaGrad (Duchi et al., 2011) dramatically simplifies (35) by constraining the preconditioner to be diagonal, i.e.,
A = diag (a; ...aq) where a; > 0. With this restriction, (35) decomposes over dimensions:

T
1
.ay = argmin Z ((51 i+ — Zgii) (36)
al ? t=1

...aqg>0 i—1

The objective is convex in each a; > 0. The stationary condition implies the closed form solution

Plugging A* = diag (a7 ...qa}) in

It is instructive to compare this to (32). Letting «; = |01, and 8; = \/Zle 97 by Holder’s inequality

T T
2
> gti=aB<lally18lly = Diy| D> gl

t=1 t=1

d
Z |01,]
1=1

The equality holds iff @« = AS for some A > 0 (i.e., A* = AI). Otherwise, (38) may be much tighter than (32).



3.1.1 Per-step preconditioner

At step t <T, we again use the partial sum. For instance, if we set A;,; = %1/Z§:1 g?,, we have A, = A;_; and
can straightforwardly use (18) and Fact 2.1 to bound the regret as

We can also argue for a tighter bound using A;;; = %, /Z};l g7, where §; = max;_; |wy; —u;|. The idea is to

treat At_ i.i = (33) as a “learning rate” for each dimension i for which we have the bound (34). We can decompose

the bound using the basic fact that “a convex regret is upper bounded by the linearized regret”. Formally,

T d /T g
Z Le(we) — 1 (u Z —glu=Y_ (Z 9t,iWe,i — gt,iui> <5 ; 0;

t=1 i=1 t=1

(39)

where the second inequality treats Zthl gt,iWy,; — Gt U; as the regret for the 1-dimensional (linear) losses Iy ;(wy ;) =
gtiwy ; for each 4. This is only =~ 1.5 times worse than (38) (assuming |d1 ;| =~ J;).
3.2 Full Preconditioner
We can “force” a non-diagonal minimizer in (35) by regularizing the trace:
c

A" = argmin 6] A6 +tr (A7 Or) & argmin  tr (A7'07) = PPSTEN

0y* (40)
A-0 A-0: tr(A)<c tr(O

(see this note for a derivation of the closed-form solution). Plug in A* = OlT/ ?

ilt(wt) —l(u) < D tr (01/2) (41)

in (18) with n; = D to have

Compare this with plugging in the diagonal counterpart A7, = 1/23=1 gii in (18) which yields

Though they look similar, (41) is smaller than (42) unless O is diagonal (Lemma T.1). Intuitively, Otlp/ % exploits
the interplay between dimensions while Zle Zthl g7 ; does not. In particular, (41) is O(VT) (since (42) is).

3.2.1 Per-step preconditioner

At stept < T, let O; = Z?Zl gig;' and use Ay = Ot1 2, Assuming the constant learning rate 1, = D, (18) becomes
T Dtr (01/2> _1/2 Dtr (O;/Q)
D li(wy) = li(u) < + 5 Z : O; —
t=1

where the second inequality uses Fact 2.1. Agaln7 we conclude that the regret bound is only 1.5 times worse when
using a per-step preconditioner (i.e., compared to (41)).

/\

+ Dtr (01/2) 35 tr (O}”) (43)

3.3 AdaGrad in Practice

The full AdaGrad preconditioner A; = (Zle g ng )1/2 € R?*4 is unfortunately impractical for any large d, so we
use the diagonal preconditioner where A ;; = \/Ele glzz Then the update w11 = wy + A, 1 gz is equivalent to

per-parameter adaptive learning rates:

n
Wi41,5 = Wty — titQQt,i (44)
\ di=1 9ii

where the learning rate shrinks based on how heavily the parameter has been updated in the past. Note that
wa,; = wi,; — M and the magnitude of the update is always at most 7.


http://karlstratos.com/notes/analytical_optimization.pdf

4 Adam

AdaGrad has inspired a whole class of per-parameter adaptive updates. One practical issue of AdaGrad is that
the update can only become smaller throughout training because the denominator in (44) can only become larger.
This is fine for convex problems where there is only one local optimum, but we may want to allow the update to
jump back in size for nonconvex problems. One way to address this issue is by “forgetting” the far past. We may
only use the past K < t steps at step ¢ to compute the denominator. Better, we may use an exponential moving
average (EMA):

vy = Povy_1 + (1 — Bz)gtz

where vy = 04 and 2 € [0,1) is a coefficient (i.e., how much to remember) determining an effective window size of
(14 B2)/(1 — B2) (Appendix K.3.1). If we view g as iid random variables, the mean of v; converges to the true
second moment as t — oo (though it keeps fluctuating forever). While at it, we can use momentum for the gradient
itself which to make SGD more stable:

my = Bime—1 + (1 — B1)ge

for mg = 04 and f; € [0,1). Replacing g; and Zle gii in (44) with m; and v;, we have RMSProp with momentum
(Tieleman et al., 2012; Graves, 2013):

my

_ntﬁ

Adam (Kingma and Ba, 2014) observes that since 1, 82 are typically close to 1, the initial updates will be small
until they gain some momentum. But since (134)

W41 = Wy (45)

1 1
E[¢;] = ——E Elg)]= ——E 46
9] = =57 Elm] )= {5l (16)
we can use m; = %ﬁmt and v; = 1%[3”}1‘/ to correct the bias so that E[m,] = E[g;] and E[v;] = E[g?]. This yields
1 2
the Adam update
o

W41 = Wt — ﬁtﬁ (47)
t

Using the square root of the second moment E[g?] instead of the sum ), g7 is a fundamental departure from
AdaGrad. In this case, the preconditioner can be seen as a flawed approximation of the Hessian/Fisher matrix,
relating Adam to Netwon’s method and natural gradient descent (Section 7.1).

4.1 Sign Descent Motivation

Adam can be directly motivated from sign descent:

Wiy = wy — 1sign (g¢) [we g1 — we| = ny

equivalently steepest descent with infinity-norm regularization (76). Sign descent allows us to “escape from plateaus
quickly” by ignoring gradient size and only using direction (Tieleman et al., 2012), but is clearly vulnerable to
gradient noise (either completely correct or completely wrong). Adam can be seen as temporally smoothing the
noise by estimating

Elg:]

T =5 |wt+1 - wt| < Tt
E[g7]

W41 = W — Nt

with EMA m,; ~ E[g;] and 9, ~ E[¢g?] serving as restricted-memory estimates (exact sign descent if 5; = 83 = 0).
Since |E[g:]/v/E[¢?]| < 1 under the iid assumption (using Var (g;) > 0), we can roughly think of the average drift
size bounded as < n,.*

4Two caveats. (1) The raw per-step drift fluctuates and may have size > 1. (2) The “average drift” tells us nothing about the

“typical size”; if E[g¢] = 0 the average drift is zero but the typical size is given by /E[m2/v:] ~ /(1 — $1)/(1 + B1) (Section 4.6).



4.2 Scale Invariance

An important property of any AdaGrad-style update like Adam and RMSProp is scale invariance: the gradient can
be scaled by an arbitrary constant per dimension without changing the update. More specifically, we can multiply
all gradients g; elementwise by some ¢ € R? in Adam and have

W1 = Wy — Tltm =w — Uti,t (48)
diag (c)* v, Ve
Intuitively, scale invariance makes training deep networks easier. The gradient of a linear function ¢ w with respect
to w (weight) is ¢ (activation), which may blow up or shrivel in top layers. With vanilla SGD, top layers may
receive huge or tiny updates unless we carefully adjust initialization and layerwise learning rates. With scale-
invariant methods like Adam, pure rescalings of activations (and hence gradients) do not change the normalized
update, so learning is much less sensitive to gradient scale across layers.

4.2.1 Epsilon smoothing

During training, v; &~ g7 may become too small for the employed machine precision and underflow to 0, causing the
update m;/+/T; to be undefined. In practice, Adam is implemented with smoothing by € > 0:

e _
Wip1] = Wg — ————— M
t+1 t \/E + € t
(sometimes applied inside square-root). If |gi| > €, the smoothing is largely harmless and empirically effective;
scale invariance (48) is also approximately preserved (Zhuang et al., 2022). Otherwise, it clearly interferes with the
correctness of the update and breaks scale invariance. This becomes an issue especially when the model is large,
since |g;| = O(1/d) in typical inverse-width initialization, necessiating epsilon tuning.

4.2.2 Adam-atan2

One alternative to epsilon smoothing is to “offload” the handling of division by zero to an existing function. Any
function of form f(x,y) =~ x/y for x/y < 1 whose implementation robustly handles the case y ~ 0 can be used as a
drop-in replacement. Everett et al. (2024) note that

y
y = arctan(x)
atan2(my, \/7;) := arctan (mt> ~ ™ for || < Uy I I R B

Vo) Vo

fits the bill with the possible benefit of “clipping” large update size (which is done explicitly in some variants of
Adam, e.g., see 3) to at most m/2 ~ 1.57.> Under the hood, a well-oiled implementation of atan2(x,y) computes
arctan(z/y) by numerical approximation and is safely defined in edge cases (e.g., atan2(0,0) := 0). We emphasize
that this approach is not a solution to the numerical instability problem and depends on the battle-tested robustness
of atan2 implementation.

4.3 Convergence

In the proof of AdaGrad’s convergence, we use the fact that the learning rate is nonincreasing. This is no longer
true in momentum-based updates like RMSProp and Adam. Reddi et al. (2019) demonstrate that Adam does
not converge on a convex problem (i.e., it has a linear regret) and propose to enforce a nonincreasing learning
rate by maintaining the elementwise max for the second moment (AMSGrad). They use the formulation without
bias correction: vj** = max(v"¥*, v¢) where v = 04. AMSGrad now has convergence guarantees and is able
to converge on synthetic examples that vanilla Adam fails to converge in (Figure 1 in their paper). In practice,

however,

5They introduce two knobs a, b to keep a - atan2(m¢, b - /0t) = mi/+/0¢ for two regimes: |m¢| < /T and |m¢| &~ /0 (they argue
heuristically that the “typical” regime has |m¢| < /D¢ since my = g; and vy & g7 with |E[g¢]| < \/E[gf] by Jensen). The former requires

a = b while the latter requires a = 1/arctan(1/b), converging as b — oo but different otherwise. They end up choosing a = b = 1,
which means the update size may be ~ 0.8 smaller in the latter regime. But the difference is minor and easily absorbed in learning
rate tuning.



1. AMSGrad does not seem to make a whole lot of difference in downstream performance (see this blog).

2. With bias correction (no guidance from the paper), the max needs to be applied after, not before, to achieve
a nonincreasing learning rate. However, several implementations (e.g., PyTorch) apply the max before the
correction.

That said, the wrong order in common implementations matters little after a few hundred steps since 1 — 3% ~ 1.
But we will do the correct thing and apply the max after bias correction (Figure 1).

4.4 Nesterov Momentum

The bias-corrected first moment takes the form

_ 1 B1 1-5

my = l—ﬂfmt: I—B{mtfl—i—l—ifgt

Dozat (2016) propose to replace m;—_1 in the last expression with m; to implement the double momentum trick in
Nesterov. Accounting for the fact that m; is one step ahead, this yields

— B m+1*519
¢ = t ¢
A T

Uunlike in SGD, this trick is not equivalent to the true Nesterov (i.e., using the future gradient g, = Vi (w; —
nef1mi—1) given by the current first moment).

4.5 Weight Decay

Hanson and Pratt (1988) originally proposed weight decay w < (1 — A)w as a way of regularizing the model size
independently of the loss. In SGD, it coincides with Iy regularization. Even here, there is an important caveat: the
decay factor must be coupled with the learning rate.

A/
W1 = wg — NV (lt(wt) iy ||wt||3) = wy — 0 Vi(we) — N wy

SGD with decay factor A = n:\’

SGD with I regularization

With pre-conditioning they do not coincide.
_ —1 N 2\ _ -1 1oA—1
Wi41 = W — ’I7tA Vv lt(wt) — 5 ||’LUt||2 = W¢ — 7’]tA Vlt(wt) - A ’I]tA Wt

where the last term is not equal to Aw; for any A > 0 unless A = ¢l is spherical. Loshchilov and Hutter (2017)
thus propose to perform explicit weight decay on top of Adam, denoted as AdamW. The original AdamW paper
describes coupled weight decay, which is presumably the reason that standard libraries multiply the decay factor
with the learning rate (e.g., PyTorch). However, Wortsman et al. (2024) find that fully decoupling the learning rate
and the decay factor reduces the sensitivity of training to the choice of learning rate. Specifically, they use

G

Wil = Wt — St | —= Wy

+ t \/,th

where n and A are the maximum learning rate and decay factor, and s; € [0, 1] is a schedule multiplier. The schedule
typically “warms up” for ¢* steps to 1, then “cools down” to some small final value. Thus the update has the form
Wiyl = We — Nt \%’7 — Mwy with the stepwise 7, = syn and \; = s;A. In contrast, coupled weight decay has the form

s

Wiy = Wy — ﬁt(\/ﬁ% — Awy).

4.6 Asymptotic Update Size

We assume d = 1 and analyze \/E[0?] € R as t — oo as the stationary size of Adam o; = % (Appendix L). Under
the assumption g; is iid with zero mean (or at least weakly aligned because (1, B2 are not too close to 1, see (141)),
by the usual properties of EMA we have the convergence (my,v;) A (M, V) with mean (E[M],E[V]) = (0, E[¢?])

and variance (144)

1—5
1+ 61

Var (V) = Var (gf) 1=

Var (M) = Bg] o


https://fdlm.github.io/post/amsgrad/
https://github.com/pytorch/pytorch/blob/134179474539648ba7dee1317959529fbd0e7f89/torch/optim/adam.py#L518
https://github.com/pytorch/pytorch/blob/095c5ccf9fa935fa37ac4760abfdf69d9a2f2a95/torch/optim/adamw.py#L384

Thus (v, 04) 4 (M, V) and o4 40 = % as well in the infinite horizon. We can show (Lemma T.15)

VBT = \[1 5+ 00 ) 49)

where the asymptotic term is in 83 — 17. A quick “hack” to see this is observing that Var (V') tends to zero as (o
nears one, allowing us to treat V = E[g?] as constant and have

M?2 E [M?] 1-5
VE[O2] =, |E|—| ~ = 50
1% ¢ [V] \/E[g?} \/1+/31 (50)
(49) shows that the effect of B9 is linear and thus mild compared to the strong dependence on 1, so (50) remains

a good rule of thumb. Below we plot running estimates 1/1/T Y1, 02 of \/E[0?] drawing g, ~ N(0, 02 = 42):6

Adam 1D Simulation (T=1000, 02=42.0)

(B1, B2)
= (0,0)
(0.1, 0.99)

m— (0.9, 0.1)
1.2 m— (0.9, 0.5)
= (0.9, 0.999)

0.8

0.6

Running estimate of \ £[0?]
-
o

0.4

0.2

0.0

] 200 400 Step ® 600 800 1000
Note that the instantaneous update |o;| keeps fluctuating forever (i.e., nonzero stationary variance); what converges
is the distribution of o, and the “typical” size \/E[0?] & |o;].

4.7 Full Algorithm

The full AdamW algorithm is given in Figure 1. The hyperparameters affect each other and need to be tuned
jointly for the given model and dataset (e.g., a longer warmup allows for a larger value of effective n). There are
many techniques specifically designed for large-scale training. One example is “annealing”, in which the final phase
of training is performed on very high quality data with a schedule that linearly decays to 0. An average of the
weights during annealing is used as the final model (Dubey et al., 2024).

4.8 Adafactor

A practical issue with Adam is that it requires maintaining the first/second gradient moments m,v € R?. For
instance, if w € R? are in bfloat16, maintaining m, v in float32 increases the memory requirement for optimization
from 4d to 12d bytes (excluding other overheads in backpropagation). Adafactor (Shazeer and Stern, 2018)
assumes that weights are organized as matrices W € R™*™ (e.g., layers) and uses a low-rank approximation of the
corresponding second moment V' € R™*™. If there are <« d weight matrices, this effectively makes the memory
overhead O(1). The usual Adam update has the form (for matrix weights)

My
VVi

where M; ~ E[G,] and V; ~ E[G?] = G? for the stochastic gradient G; € R™*". Adafactor instead proposes to
perform

Wt+1 =W -1

M,
W = W= 3
tt

6Under mild assumptions, the Markov process o; — O is ergodic so that 1/T Z?:l 0? - E[0?] as T — co.




Input:

e Initial parameter value w; € R?

e Loss functions I1,ls,...,lr : R* = R (I; corresponds to the loss on the ¢-th minibatch)

e Schedule s1, s2,...,s7 € [0,1]

e Maximum learning rate n > 0; maximum weight decay factor 0 < A < 1

e Momentum coefficients (81, 82); smoothing coefficient € > 0; flag for AMSGrad, Nesterov, DecoupledWD

1. Initialize the first/second momentum estimates (mo, vo, 05**) < (04,04, 0q).
2. Fort=1...T:
(a) Do forward/backward and compute the gradient g; + Vi (wy).
(b) Compute the bias-corrected EMA estimates for the gradient and squared gradient:

me < Bime—1 + (1 — B1)gs vt  Pave—1 + (1 — 52)93

ﬁ my (default) ~ 1 e

me — Vi < ﬁ’l}t on = max(f}in_af, 1_1t)
2

_ b1 1-py :
1T +1sat g (if Nesterov)

(c) If AMSGrad, overwrite oy — 0%,

(d) Get the per-step learning rate and weight decay

meA  (default)
N = 51 Av = .
stA (if DecoupledWD)

(e) Compute the per-parameter update for i =1...d:

Nt
M,
VUt + €

Wi41,i < (1 — )\t)wt,i —

3. Return wr41 € R?

Figure 1: The full AdamW algorithm.

where A; € R™*" and By € R™*" are low-rank matrices such that E[A4;B;] ~ G?. Practical considerations impose
certain constraints: (1) Ay, By need to be updatable in an online fashion, (2) they are (ideally) strictly positive
since we will divide by their square roots. This makes SVD difficult to use (though it yields an optimal solution
in Frobenius norm) since it does not decompose over matrix additions and can be negative. The problem is more
naturally approached as nonnegative matrix factorization (NMF) (Appendix M). It is well known that the following
rank-1 NMF objective

a*,b* € argmin IDiv(G? ab")
a€RT,bERT

has the solution space of a*(b*)" = % (e.g., a* = G?1,, and b* = %) To derive an online update,
Adafactor maintains the EMA (with ag = 0,, and sg = 0,):
_ 1 = dtg—r 1 atsT
= Baar—1 + (1 — B2)G1n =—— Vi= =+ = : 51
= P L ) " (e o
2T - 1
st = PBasi—1 + (1= B)(Gy) 1 St = ———75¢
1—5;

and uses ‘7,5 to approximate the second moment.” While the rank-1 constraint can be limiting, it is easy to derive
a rank-r generalization of Adafactor using EM (Appendix M.2).

~ ST
"Note that this is a biased estimator of the optimal rank-1 decomposition since a; and s; are correlated. That is, E[V;] = E[ff,—sét] #*
m

ElagElse) T _ GPlnlpG? _ ey
L. Ela] [RCEE




4.8.1 Bells and whistles

While rank-1 approximation of the second moment is the “main feature” of Adafactor, it introduces several other
modifications to Adam and results in an update that more resembles the following:

Gy

\/i

W1 = Wi —n x RMS(W;) x RMSClip

(n is a global learning rate schedule). The changes include
1. (Main) The use of rank-1 V; in (51) to cut down memory
2. Not maintaining the first moment (i.e., 8; = 0) and using the raw gradient G; to further cut down memory
3. Clipping the layerwise update Oy — max(m?m to make its RMS < 1

4. Parameter scaling: scale the effective learning rate by RMS(W;), so that after update clipping the RMS of
the parameter change is layerwise scaled to be < nRMS(W;)

5. Replacing bias correction with s := 1 — t~¢ scheduling

Confusingly, the literature uses the name “Adafactor” to refer to any combination of these changes, even when it
does not involve any factorization! For instance, in the context of scale-invariant parameterizations, Adafactor is
mainly 4, i.e., a way to scale the learning rate adaptively to match the weight RMS (Everett et al., 2024).

5 Learning Dynamics
Given 1 > 0 and A > 0, the per-step LR and WD strengths are
® Ty = S5¢N)
e )\ = sj\. where A\, = X if decoupled and A, = n if coupled
The schedules s; = s, are usually tied. A layer w; € R? evolves as (Hanson and Pratt, 1988)
wip1 = (1 — Ap)wy — nroy (52)

where o; € R is a transformation of the gradient g;, often with stationary size RMS(0;) ~ C,.%

5.1 Alignments

Even when w, g; =~ 0 as an effect of layernorm (Figure 2 left, green curve), w; and o; tend to be anti-aligned because
(i) wy accumulates the negative of o, whereas (ii) o; is temporally aligned. More specifically,

wy, 04) = ( — C;0;,0¢ ) = —¢; 0i,04) SO
(w00 <z > S (o0

i<t i<t 20

Adam’s EMA amplifies the temporal update alignment and thus the anti-alignment (orange). WD also amplifies
the anti-alignment because a shorter horizon implies stronger recency. We plot

<wt70t>
Kt = ———— =~ a+ b/ (53)
C Tfwel][fod]] Vi

under cosine (purple, a = 0.002 and b = —0.078) and WSD (turquoise, a = 0.007 and b = —0.082) schedules for s;.
Since |a| < |b|, we may further approximate ; oc —/s.

8 Adam: E[RMS(o)] ~ };gi for large ¢ (49). Muon: RMS(ot) ~ d~1/2 for a d x d weight shape.
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Figure 2: An empirical training job with cosine vs WSD schedule for both LR and WD. (Left) Anti-alignment
between w; and o, is amplified by update EMA and follows the WD strength, even when w, g; ~ 0. (Right) For
the tied schedule s; = s}, steady-state RMS prediction overestimates during warmup and underestimates during
decay.

5.2 Weight Growth

— lfoell _ Hwega | —[Jwel?

Define R; = Tl and €, ol . Assuming \; ~ 0, we can easily verify from (52)°
2
Rt ~ t e (54)
Mt (\/ K7+ 2N +e — /’?t)
The corresponding weight RMS is
VEZ 42X —
RMS (1) ~ TV + 20 60 = ) g, ) (55)

2)\,5 + €t

The form is not predictive because €; requires the knowledge of future w;y;. We may omit & in (55) under a
“steady-state” (SS) assumption |e;| < 2X; (e.g., ||wir1]|| = ||we]]). Figure 2 (right) shows for the tied schedules
st = s, SS prediction overestimates during warmup when weights are growing (e; > 0) and underestimates during
decay when weights are shrinking (e; < 0).

5.3 Adaptive WD Schedules

Lemma 5.1. The tied schedule s; = s} cannot achieve a steady state during decay s; > s411.

Proof. Suppose RMS(w;41) = RMS(w;). Then (55) with €; =~ 0, RMS(0;) =~ C,, and s; = s} gives

'r}( H%+25£)\e—[gt)c S 77(\/"5%+25£+1)‘e—"5t)0 ~ RMS

2, © 2, °

RMS(’LUt) =~ (wt+1)

where we additionally assume ki1 = K¢ (e.g., k¢ & 1 with EMA). Thus we have a contradiction. O

Given a target SS ratio Ry = H, the necessary WD schedule can be derived by solving for ); in (54) with ¢, = 0:1°

n; H?

5 (56)

)\t%

- 77tf‘€tH

91n practice, Ae is roughly in the range of [107°,107%] and comfortably < 1072 even in unusual cases (e.g., infinite training).
10This WD schedule is not only necessary but makes H a locally attracting fixed point. Plugging (56) into €; ~ n? Rf —2meke Ry — 2
— loegall o Jloell lodll — g,
llwetll Twe 1l llwel
assuming stationary ||o¢||; likewise, if Ry < H then R;+1 > R:. Even so, Ry — H is technically not guaranteed (e.g., convergence may

not be fast enough to get to the neighborhood of H).

we have e &~ (Rt — H)ct for some ¢; > 0 (assuming x¢ < 0). Thus if Ry > H we will have Ry41
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Figure 3: Adaptive WD schedules A\ ~ /2, |#¢| s; + Aes? (orange) and A4 =~ X, || s + ’\E% (red) control the SS
ratio R; to approach targets H* = \/2X./n and H* = \./n (though the latter slows to a halt), but this results in
poor optimization. The squared schedule s} = s? (green) makes R; to approach an organic target H9 if x; o< 1/s}.

We can argue that H* = \/2X./n and H*! = \./n are reasonable schedule-free targets, corresponding to peak

alignment-free (k; ~ 0) vs alignment-dominated (k; < 0) regimes. The associated schedules are A ~ \/2X_ || s;+
2.2

Aes? and A24 ~ A, |ky| s + )‘% But pinning R; to an a priori target H is not necessarily good for optimization

(Figure 3, orange and red curves). Intuitively, the use of k; in (56) is “micro-managing” what should be an organic

weight growth. Fully committing to the alignment-free assumption allows us to get rid of x; entirely:

n7 (H™)?

)\t% D)

=52\, (57)

(i.e., s, = s7). It does not pin the ratio to a constant (since it does not control for x, # 0). But because
ki 2 a+ by/s; ~ by/s, = bs; empirically (53),

R, ~ 2)\t \/ I{? + 2)\t —+ K¢ 1/ b2S? + 25%)\8 + bSt vV b2 + 2)\6 + b Hsa (58)
t ~ = ~ = =
n

Uiz (\/ K7+ 2\ — /ft) Mt set

Thus (57) makes R; reach a constant SS ratio H®4 (green curve) which is adaptive to training dynamics via b.

5.3.1 AdamC
Defazio (2025) motivates the squared WD schedule (57) from an empirical observation that [|g:||, tends to grow

during decay under the tied schedule s; = s}. Indeed, for SGD o; = g; since x; o< w, g; ~ 0 under layernorm, (54)
becomes

_ llgly =0 pim0) VOA_ VIsihe L VO

R, = A
[[well o s B )

s0 ||g¢|], grows in a steady state as s; — 0. A similar argument can be made for momentumless Adam o, = A; 'g,
by working under the Ai-induced metric. Since k¢ o (wy,0r) 4, = w/ Ay A7 Yg: = wl g = 0 we have

R — |0¢]] 4, _ HgtHAt—l (etzof,fjtzo) V2 _ V25: e _ 1 V2
lwell g, [lwell 4, i 5¢7) N

Assuming A; > 0 is stationary and well-behaved (second-moment EMA), this implies ||g:|| A7t grows in a steady

state as s, — 0 (which in turn implies ||g¢||, grows). Both arguments are specific alignment-free instances of
Lemma 5.1 that admit the squared schedule as a solution. But since the assumptions are false (e.g., x; # 0 under
real Adam with EMA), it is more accurate to understand the stabilizing effect of s, = s? as a consequence of

Kt X —\/E (58), not from this derivation.

5.3.2 The real reason gradient norm increases

Let I; : R — R denote the layer loss at step ¢ with gradient Vi, : R — R?. Because of layernorm it is roughly
true that I;(cv) = l;(v) for all ¢ > 0,v € R, Then

Vi (v
gt = t( t)

Tl (59)

Wt
[well

where v; = is the directional part of wy.



Proof of (59). Because of layernorm we have V,l;(cv) = Vi, (v), but the LHS is ¢V, (cv). Plug in ¢ = ||w,|| and
V= V4. ]

Thus ||g¢|| grows if ||w;|| shrinks, which is what happens with the tied schedule, if ||Vi;(v:)|] changes more slowly
than ||w||. The latter is likely true because the weight direction is less likely to change compared to the welght
size. By the same logic, since the squared WD schedule (57) stabilizes the weight norm to roughly |[|w;|| ~ Hkq, it
implies that the gradient norm stabilizes.

6 Shampoo

AdaGrad shows that the best we can do is wi11 = wy — 770;1/2975 where O; = 25:1 glng € R¥*?, But this incurs
O(d?) compute overhead (i.e., to invert a d x d matrix). Instead of resorting to a diagonal appoximation, Shampoo
(Gupta et al., 2018) proposes a clever middle ground by assuming the hypothesis space R™*" of matrices. At step
t, we propose Wy € R™*™ and receive a loss [;(W;) € R where [; : R™*™ — R is convex and differentiable. Let
Gy = VI, (W) € R™*™ denote the per-step gradient. Shampoo prescribes

t t
Weer =We =Lt Gy B Li=) GG/ Ry =3 GG (60)

mxm MXn nxn

The compute overhead is now O(m?® + n3) which is much smaller than the full conditioning overhead O(m3n?).
For analysis, we can convert (60) to an equivalent standard form by the usual properties of Kronecker product
(Appendix G),

1

W1 = Wy — 1) (L1/4 ® R1/4> gt (61)
mnXmn

where ¢; = vec(G;) and wy = vec(W;). Thus Shampoo is “just” Euclidean mirror descent with the per-step
preconditioner A; = L,}/4®Rt1/4. Since Ly = Li—1 and R; = Ry_1, we also have A; = A;_1 (see (117)). The obvious
intuition is that A; ~ Ot1 2 In particular, we can show that

0, 2 Vr(Ly & RY/Y) = VA, (62)

where r = max; rank (G;).'! Since the vectorized losses I; : R™" — R (trivially) remain convex and differentiable
and A; = A;_1, we can use (18) to bound the regret:

T T
D?tr A
S l(w) — lu(w) < 22 AT) gz ATlg,
D2tr (AT T d a7 1/2 . -1 —1/2
< 2 5 z:: O; (since A; " < VrG by (62))
D?tr (A
< D7t (Ar) + \[tr( 1/2) (Fact 2.1)
2
D?tr (A
< t;?(?T) + nrtr (Ar) (using (62) again)

= Dvar e (L) 1 (RYY) (wsing n = )

We can show that tr(L 1/4) O(T"*) and tr(R 1/4) O(T'/*), thus the bound is O(VT).

HErom Lemma G.3, we have O; = Zle glng <r Zf:l(GlGlT) ® In = rLt ® I, and similarly Oy < rl,, ® R:. Using Fact G.4, we
get Oy < (Lt ® In)Y/2(Im ® Re)Y/2 = rLi/? @ RY/? and also O}/% < /r(LY/* @ RI/%).



6.1 Shampoo with EMA

Shampoo is derived as an approximation to the AdaGrad preconditioner (62) and therefore uses the sum of the
gradient outer products (i.e., Ly = Y ,., GG and Ry = Y_,., G/ G;). As with RMSProp/Adam, in practice we
benefit from replacing it with a running estimate of the expected value L = E[G;G,] and R = E[G] Gy, e.g.,
bias-corrected EMA, so that the update is not made monotonically smaller (Shi et al., 2023). We can then view
Shampoo as

Wyt = W, — L~ Y4G, R/ o —w, —n( LY4 @ RY4)™!
t+1 t—1n t Wep] = Wy 7]( & ) gt

Ashampoo
By adapting (62), we can easily show
131{12p = \/;Ll/4 ® R1/4 = \/;Asharnpoo (63)

So as in RMSProp/Adam, Shampoo with EMA can be motivated as approximating Ashampoo = 1811412[) ~ Ifsher ~ H.

Instead of using the bound (63) for approximation, Morwani et al. (2024) directly approximate Ielrfp with one round

of power iteration and derive the squared preconditioner A%, = L*/? @ RY? (Section 7.2).

7 The Hessian View

Let w € R? denote the weight of (some layer of) a neural network. Given a labeled input (v,y) € X x {1...K},
let f,(z) € RX denote the final logits and L(f,(z),y) = —logpy, () (y) € R the cross-entropy loss. Let g, ,(w) =
W € R% and H, ,(w) = w € R%*4 the gradient and the Hessian on (z,y). Let g(w) = E[gy,,,(w)]
and H(w) = E[H, ,(w)] denote the expected gradient and the expected Hessian where (z,y) ~ pop. We will
assume that the fastest way to converge to a critical point of the loss J(w) = E(; y)~pop[L(fuw(z),y)] is Newton’s
method:

w4 w — nH(w) ' g(w) (64)
7.1 The Hessian View of Adam
Can we estimate the Hessian using only the gradient? We have
(123) (H.1)
)= Ho(0) 10 = By, [oea(u)0es(0)"] = G, (0:5(0) (65)
g~ fuw(z g~ fuw(z

where Hgn(w) is the Gauss-Newton component and I(w) is the Fisher matrix. The last equality is the well-known
covariance characterization of the Fisher, which follows since E[g, ;3(w)] = 04 for § ~ f,,(z). The Fisher matrix
is difficult to estimate because it is an expectation over the model’s distribution (a moving target). A standard
approach is to swap the model distribution with the label distribution, i.e., the “empirical Fisher” matrix:

lonp(@) = B[00y (o y(@)T] = Cov (g, (w) + glw)gw)" (66)

The approximation I(w) & Ismp(w) is somewhat justified by the fact that I(w) — Iemp(w) assuming w — w*, but in
general it is highly flawed (see Section 2.1 of Grosse (2021)) and behaves strangely when used directly in (64). For
instance, if g, ,(w) happens to have small covariance but large on average, we have Iemp(w) =~ g(w)g(w) ' which
specifies an “inverse gradient scaling” w + w — n(g(w)g(w) ") 'g(w) where the weights with the largest gradient
values are updated the least (Kunstner et al., 2019).'2 We can “fix” the inverse scaling by taking the square root,

1/2 _ T1/2
ICI{lp(w) - E [gr>y(w)9m,y(w) }
(z,y)~pop
12The problem worsens if we use the batched gradient estimator gp(w) = ﬁ Z(m,y)EB W in (66) (which is closer to the
practice). Since E[gp(w)] = g(w) and Covp(gp(w)) = ﬁCovmy (9z,y(w)), the empirical Fisher estimator using the batched gradient

estimator becomes

B [ap0s) ] = )+ (1= ) stwlate)”

which shows that g(w)g(w)T dominates the estimate as the batch size grows.



Further using the usual diagonal approximation g, ,(w)gs,(w)" = diag(giy(w)) for sparsity and using the linearity
of diag, we have

1/2
L ) =ding (B (a2, (00)) (67

,Y)~pop

12

Let v € R? denote a finite-sample estimator of E(; ,)~pop [92.,(w)]. Using this estimator in w + w—1n emp.diag (W)g(W),

we recover the per-parameter Adam update

Ui
wj = wj — ——g(w;)
J

Since I 1/2

emp,diag
further motivated as an approximation of natural gradient descent w < w — I(w)~'g(w) which optimizes the loss
in an information-based transformation of the coordinate system (thereby invariant to the underlying geometry).

(w) is viewable as an approximation of the Fisher I(w) (not just the Hessian H(w)), Adam can be

7.2 The Hessian View of Shampoo

Let W € R™*™ denote a weight matrix. Let L : R™*™ — R be a random loss function for this weight (i.e., random
in data). Let G = VL(W) € R™*". Let w = vec(W) € R™ and g = vec(G) € R™", with the corresponding
reshaped loss [ : R™" — R defined as [(vec(W)) = L(W). Newton’s method corresponds to w <+ w — nH ~g where
H = V?|(w) € R™*™" Again we approximate H = Iggher ~ Iéﬁp where o, = E[gg'] € Rmmxmn, Inverting
and multiplying by an mn x mn matrix incurs a O(m?>n?) runtime overhead. We can reduce this to O(m? +n?) by
considering a Kronecker decomposition:

A,, B, = arg min [[lemp — A @ Bl| (68)
AERmxm BeRnxn

since the corresponding update w +— w —n(Ay 12 B, cY 2) g can be achieved by double-sided matrix multiplication
(see (109))

W« W —nA; 2a(B YT (69)

We can solve (68) by a rank-1 SVD of a mn X mn — m? x n?

rearrangement of the target matrix Iomp. Spemﬁcally,
let Iemp = rearrange(ley,) € € R™ *"” where the function rearrange is defined in (112). Let u; € R™ and

v € R"™ be the top left and right singular vectors of me. Let U; € R™*™ and V; € R™*"™ denote the row-major
matrix representations of uy,v1. Then for some a,b > 0 (Corollary G.2):

A, =al; B, =t

We can easily verify that fcmp =E[G®G] using (111) and (113) We can estimate the top singular vectors of Icmp

by the power method use some initial [y € R™ and rg € R™ and repeat l;11 = Icmprl and r;41 = (Icmp) l;. Tt
is well known that W — up and IITZ:H — v1 (assuming o1 > o9 for simplicity). Now choose |y = vec(l,,) and

ro = vec(I,). Then one iteration yields
I = E[G ® G]ro = vec(E[GG "))
= E[G®G] "l =vec(E[G'G))

Treating these as rough estimates of (some scaling of) u; and vy, we can argue that using (68) in (69) yields (with
an appriate 7))

W« W —E[GGT|"Y2 GE[GTG]™'/? (70)

This corresponds to using the square of the Shampoo preconditioner A2 = LY2 ® R'/?, since Shampoo with
EMA specifies (Section 6.1)

shampoo

W« W —gE[GGT]"Y* G E[GTG)~ /4

(v] ro)os

T 2
vV ()20

Morwani et al. (2024) justify the identity initialization as a way of making cos(ly,u;) = closer to 1

(similarly for 71, v;). Specifically, they show that ro = vec(I,,) yields v{ ro > v, g for i > 2.



7.2.1 Exact decomposition
Lemma 7.1 (Morwani et al. (2024)). If I~emp = rearrange(l.np) = E[G® G| € R™**"” is rank-1,

, _E[GCT®EGTC)
emp = T (B[GGT))

c Rmnxmn (71)

Proof. Let femp = owv! be a rank-1 SVD. This implies Ienp = oU @ V where u = vec(U) and v = vec(V).
Shampoo’s iteration gives us Iempro = ouv "ry = vec(E[GGT]) where rg = vec(I,,). Let v; = ro — Projspan(v)(ro)
where
Projpan(e) (T0) = v rg = (Vee(I,) "vee(V))v = tr (V) v
Then
ec(E[GGT)) = ouv (v, +tr (V) v) = otr (V) u
E[GG"] =atr (V)U

which also implies tr (E[GGT]) = otr (V) tr (U). Similarly, E[G'G] = otr (U)V. We now obtain (71) by re-
expressing Iemp = cU @ V. O

The rank-1 assumption in Lemma 7.1 is unrealistically strong (likely holds only for linear logistic regressor where
G € R™X1). But it suggests the following “idealized” shampoo iteration which corresponds to the Newton step

w < w—nH g onw=vec(W) € R™ using H =~ Ifsper ~ I(;}I{?p = mE[GGT]l/Q ®E[GTG)'2.

IdealizedShampoolteration
Input: Current W € R™*"™ random loss L : R™*™ — R, learning rate n > 0

1. Compute G = VL(W) € R™*"™.
2. Update the estimates E[GG"] € R™*™ and E[G'G] € R™*" (e.g., bias-corrected EMA).
3. W+« W —n/tr (B[GGT]) E[GGT|"Y2 G E[GTG]/2

8 Muon

Muon falls out of first principles. Let J : R™*™ — R denote the loss function. At a current point Z € R™*" with
gradient G = VJ(Z) € R™*™  the usual ways to get the next point by local search are

XrtR = arg min J(Z)+ (G, X — Z) (72)
XeRmxn: ||X-Z]|<n
1
X = arg min J(Z)+ (G, X = Z)+ —||X - Z| (73)
XERmxn 27]
for some choice of norm |[|-]| : R™*™ — R and “step size” n > 0. (72) is the trust-region/steepest-descent principle

(minimize a local approximation within a ball of radius n). (73) is the majorization-minimization principle (min-
imize a surrogate upper bound, specifically the quadratic-penalty form assuming smoothness—see Appendix Q).
Expressed in the update A = X — Z, (72) and (73) become

Apgp =  argmin (G, A) (74)
AeR™Xn:|Al|<n
1
Auv =  argmin (G, A) + o [|A]” (75)
AER™MXn 27]

Committing to specific norm yields closed-form updates.'?

_HG?HFG ifHAH:HAHF -nG if||AH=||AHF
Arr = | —nsign (G) if [|A]] = [|A]| o e Anim = § G|l o sign (G) if [|A[] = [|A]] o e (76)
—nUVvV" if [|A]] = [|A]l, |G UV if [|A]] = [|All,

13For infinity- and 1-norm of a matrix, we use the elementwise version for “backward compatibility” with vector inputs. We can also

express the former as an induced operator norm ||A|];_, , = maxy.| ||, <1 [[A%|[o, = max; ; [A; ;] = [[Allog 1



where G = UXV " is the SVD of G. For the same norm, TR and MM yield the same direction. If G € R™*! is
a vector, we recover gradient descent under ||| = ||-||, and sign descent under ||-||, (focusing on the direction
only). However, for n > 1 the spectral norm yields the Muon direction UV ' € R™*",

Proof of (76). (TR): The case for [|-||p and [|-[|, o, can be read off of (74) for [|-[|p and [[-[| .- The case for
[|-]|, follows immediately from von Neumann’s trace inequality (G,A) > —n |G|, (for a feasible A) and the fact
that A = —nUV T makes it tight. (MM): Since ||-|| may not be differentiable, we move it out of the objective by

reparameterizing A = rO where r > 0 is the size and O is the direction with ||O]| = 1 and rewrite (75) as
2
r*,0" = arg min r{(G,0)+ —
>0, OCRm*n: ||O]|=1 2n

For fixed r, the minimizing direction is any O* such that (G,0*) = —||G||, (i-e., dual norm definition). Thus the
minimizing size always satisfies 7* = argmin,~q —[|G||, + % = n||G||,. Now the updates for Ay follow from

the dual norm relations |||z < ||| 5 [|[l1 ait < lloo eres a0 [|*[ue < ||| With the observations already made
for (TR). O

Importantly, computing the Muon direction at each step is practically feasible thanks to specialized algorithms such
as Newton-Schulz iteration (Appendix R.3).

9 Manifold Optimization

Manifold optimization (MO) explicitly maintains each weight unit on a nontrivial manifold, typically the Eu-
clidean sphere if vector-valued and the Stiefel manifold if matrix-valued.'* It can be viewed as “hard” regularization
which may impact generalization in beneficial ways.

9.1 Vector Case

Let w € RY denote a weight vector (e.g., a row of layer W € RP*? where Wz € RP is the output). At every
training step ¢, we keep [|w;||, = r for some radius 7 > 0 by “retracting each update back to the hypersphere” (i.e.,
renormalize length).

9.1.1 Pin-to-sphere

The simplest approach is vanilla projected gradient step, so-called “pin-to-sphere”. Take the usual gradient step
wy — Mgy, With learning rate n; > 0 where g,,, = 0Loss; /0wy € R? is the “ambient” gradient, and retract:

r

(W — Nt Gu, 7
e — gy "t ) (77)

Wiy1 =

A potential downside of this formulation is that g,, may have a large component parallel to w;, which is annihilated
by retraction. In that case, it is visually clear that even if we take a huge step in the ambient space we end up with
little movement on the manifold, making it difficult to control the effective update size with the learning rate.

Preconditioning view. Pin-to-sphere locally looks like preconditioned gradient descent using the projection
. 1 . oy
matrix onto span (w;)™ as the (per-step and singular) preconditioner (Lemma T.18):

1
Wi = wy — Mgy, + O(07) G, = (Id - ﬁwtw;) Guw, (78)

Intuitively, we learn from only what is directionally new. Note that if g,, L w; already due to layernorm (Ap-
pendix L.1), raw projected gradient descent is nearly redundant.

14 A manifold is a topological space that locally resembles Euclidean space. Thus R? is trivially a manifold; a hypersphere
{u€R?: ||ull; =1} is a manifold (“locally flat, globally curved”). With matrices in RPX4 (D > d), the Stiefel manifold
{Ae RDXd . AT A = Iqxa} is a standard nontrivial manifold.



9.1.2 Classical formulation

We can just take a gradient step directly in the tangent space. This gives the classical MO update

Wit = — (w; — i) (79)
2+t {93,115

where the normalization uses the fact that w,” git = 0 and ||w||, = r. The same first-order preconditioning view
(78) remains valid. While this makes the learning rate correspond to the movement in the tangent space rather
than ambient, it still depends on gz which may be tiny.

9.1.3 Trust-region formulation

We may explicitly match the tangent step size with the learning rate. That is, first find a step satisfying

A = arg max AT g, (80)
A€ER?: ||A]|<n:, ATw=0

then retract w; — A;. (80) is now “just” steepest descent (aka. trust-region method) with an extra orthogonality
constraint, so we can derive various updates by changing the norm ||-||. With the I3 norm, the solution is A; =
ntgj;t / H gd;t | |2 (i.e., rescale the classical MO). For general norm, we can solve (80) by Lagrangian duality:

Al € argmin |[guw, + Awq]], Ay =iz
AER

where z, € R? is a subgradient z; € 9||gw, + Afwy||, orthogonal to w;, which must exist (Lemma T.20). We can
easily check that this recovers the [y solution as a special case.

9.1.4 'Weight normalization
Weight normalization (WN) (Salimans and Kingma, 2016) reparameterizes the weight w; € R? as “direction”
v, € R? and “scale” s; € R:
Ut
Wt = St
[lvell

The intuition is that while model expressiveness does not change, (v, s;) get more fine-grained gradients. Given
the gradient g,,, € R%, by the chain rule

St - 5t -
o = 7 (Lo = 00 ) Gu, = T, 9s: = U Gu, (81)
vl vl
which uses the well-known Jacobian Jp(v) = (1/|[v||,)(Ig — 90 ") of F(v) = v := v/|[v||, and ©; = w;. Note

that gth vy = 0 (i.e., vy indeed only learns direction). For gradient descent, WN corresponds to preconditioning the
update for w;. To see why, the updated w; takes the form

Wi = (8¢ + Asy) (U + Aty)

Taking the first-order approximation Aw; ~ s;Av; + As vy and plugging As; = —ngs, and Av, = Jp(vy)Avy =
—neJr (vg) gy, ° with (81), we have

52 _ _
Awy = —ny <||t|2 ([d - UtUtT) + UtUtT Jw, (82)
Vtllo

So the update for w, is guided by v, either amplifying or shrinking the component of g,, lying in span (vt)L (we
recover vanilla gradient descent, whereas if s, = |[v¢]|,). It is worth noting that if we freeze s, = r, Aw; x —gg,
resembles the classical MO update (79). The precise relationship is given below.

Lemma 9.1. Let wyy1 = r0;41 denote the materialized weight under WN using frozen s; = r. Then

’1"2

m—y
o] |5

Wi+1 = . 5 (wg — Oltgi,,) Qp =
2+ o [|ga [

15This uses the first-order approximation o + A% = F(v 4 Av) = 9 + Jp(v)Av.




We leave the proof as an exercise.!® Comparing (79) with (83), we conclude that frozen-scale WN is equivalent to
classical MO with an adaptive learning rate (controlled by [|v||5). A useful mental summary is

e MO locally assigns tangential factor 1 and radial factor 0 (78).
P

e WN locally assigns tangential factor % and radial factor 1 (82).
2

[lve

e Thus with frozen scale and after accounting for the effective learning rate, WN collapses to MO (83).

9.2 DMatrix Case

Let W € RP*4 denote a layer weight with D > d. We keep W, € {A cRP*d: ATA = Idxd} by retracting each
update Wy — A; back to the manifold. A matrix-analog of the Euclidean projection is

Wt+1 = arg min ||W — (Wt - At)HF = Orth(Wt - At) (84)
WeRPXd: WTW=I4xq

where Orth(M) = UV T computes the orthogonalization of M = UXV T which is numerically convenient (e.g.,
Newton-Schulz iteration R.3.1). The trust-region formulation (80) gives us: given the gradient Gy € RP*4 | find

Ay = arg max (A, Gy) (85)
AeRDxd; HAH:’f]t, ATWt+WtTA:ded

which uses the known characterization of the tangent space of the Stiefel manifold (Tagare, 2011). We can again
solve (85) by Lagrangian duality:

A} € argmin ||Gy + WA, Ay =mZy (86)
A€eSym(d)

where Z, € 0||Gy + Wi Af||, satisfies Z W, + W,' Z, = 04xq and must exist (Lemma T.21). Bernstein (2025)
chooses the spectral norm [|-||, in (85)!7 and approximates (86) by subgradient descent on the convex objective
||Gt + Wi(A+ AT)||muc over A € R?*? with a stopping criterion to promote tangency.

10 WSD

Constant learning rate has the benefit of not needing to know how many training steps will be pefromed, but
empirically exhibits a much higher loss compared to globally decaying baselines such as cosine or linear decay.
Surprisingly, when followed up with a short “decay” phase, the loss is often rapidly driven to a competitive value.
The performance also often benefits from larger than normal batch sizes. To explain the success of this so-called
warmup-stable-decay (WSD) (including the standard initial warmup phase which is standard), researchers have
develeoped hypothetical loss functions that mimic such a behavior, notably the river-vallery analogy (Wen et al.,
2024).

10.1 The River-Valley Analogy

A minimal bivariate loss L : R? — R that illustrates the river-valley analogy is

L(s,y) = R(s) + V(y) R(s) = Loo + ae™P* (87)
Vi) = 50

The river is designed to saturate to some floor L., while the valley constructs walls around it with some A > 0
(Figure 4). The “true” loss is measured at the bottom of the valley L(s,0) = R(s); the valley coordinate y represents
the noisy part of learning. Suppose we perform SGD on L from some initial (s1,y;) € R%. The gradient and Hessian
are

Vl(&y)=:[és;q V2L (s,y) = FTSS) g}

16Use (81) to express vip1 = vt — Nigu, = (|[velly /7)(wt — agih, ). Normalizing by |lvi41|l, yields (83).
17Referred to as “Manifold Muon” since it becomes the Muon update Ay = —n: Uy VtT (74) if we omit the tangent-space constraint.



(a) valley contribution V(y) = %yz (b) hidden river-floor progress R(s) (c) observed loss vs. river-floor loss
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Figure 4: Visualization of the river-valley model in (87). By keeping the learning rate large for longer, WSD moves
farther along the river direction, so its projection onto the river floor attains a lower R(s); the final decay reveals
this progress by reducing the valley contribution (88).

The true progress is slow while the noisy progress is jumpy, so |R”(s)| < A. Thus the bottom eigenvector (1,0)
corresponding to R”(s) gives the river direction, and the top eigenvector (0, 1) corresponding to A gives the orthog-
onal valley direction. We assume the valley direction is subject to some iid gradient noise & ~ ValleyNoise(0, 0?)
with high variance 02 > 0. Then the SGD update for the valley coordinate is

Yer1 = (1 =Ny — né

where 17 > 0 is some constant learning rate. We assume nA < 2 for stability and n\ < 1 for approximation purposes.
This is the classical contraction + fresh noise AR(1) process (Appendix K.3), equivalent to coupled weight decay
(52). Thus y; keeps fluctuating forever with Var (y;) ~ no2/(2)) though zero mean implying the nonvanishing
expected loss E[V (y;)] = (¢2/4)n. Then the expected total loss is

(L) = Rs) + (5 ) (59

(we assume the river coordinate gradient is noiseless for now). The point is that R(s;) may be in fact very low, but
the total loss remains high as long as we keep 1 high. Once the learning rate is decayed n — 0, the true progress is
“revealed”.

10.1.1 Effect of the batch size

If we do minibatched SGD with batch size B, each valley update takes the form of Ay;+¢; where &, ~ Noise(0, 02 /B).
Then (88) becomes

B{L(s1,00) = Riso) + (75 )

Thus the stationary valley loss is cut down by a factor of B. While this shows a large batch size helps reveal the
true progress at any step, it does not imply a better final expected river loss which is what is observed in practice.
To simulate the latter, we may assume the river coordinate s;11 = s; —n(R’'(s¢) 4+ () is also subject to some batched
gradient noise ¢; ~ RiverNoise(0,?/B) to introduce “river diffusion” that benefits of large batch sizes:

(L] = Bls)+ =D 1 (T =

where 3;41 = 5 — nR/(5;) denotes the noiseless river coordinate.
Argument for (89). Let §; = s; — 5, and approximate R(s;) around R(S;) to have E[R(s;)] ~ R(5;) + R'(5:)E[d:] +
(1/2)R"(5,)E[67]. Since 841 = & — ﬁ(Rl(ft) — R'(5¢)) — n¢; and R'(s;) ~ R'(5:) + R"(5:)0:, we have d;41 =

(1 = nR"(5:))0: — n¢t =~ 0 — N = —n Y ;_ ¢ where we assume the river curvature is small enough so that
nR"(s) ~ 0. Then E[§;] = 0 and E[67] = n?(t — 1)v?/B, so (89) follows. O



10.1.2 Multivariate extension

The higher-dimensional version d > 2 adds no new mechanism. Given a point z(s) € R on the valley floor achieving

the river loss R(s) = L(z(s)), decompose the nearby parameter as w = z(s) + u where u L 2/(s) is an off-river

displacement orthogonal to the river direction z’(s) = dfi—(ss) € RY. Since the valley floor has no first-order descent

direction orthogonal to the river, VL(z(s)) is parallel to z/(s), thus

d—1
L(w(s) + u) ~ R(s) + %UTH(x(s))u — R(s)+ %Z iy

where the second expression diagonalizes the Hessian restricted to the orthogonal subspace to obtain coordinates
Y1 ...Yda—1 and eigenvalues A\j...A\g—1 > 0. When the curvature along z’(s) is much smaller than A;, the river
direction is the bottom Hessian eigen-direction. Thus each orthogonal Hessian eigen-direction is just another
quadratic valley coordinate, reducing the dynamics to copies of the 2D calculation above.

Pointers

e [ntroduction to Online Learning by Francesco Orabona, in particular online gradient descent and adaptive
algorithms

e Lecture slides by Sham Kakade

e Lecture slides by Geoffrey Hinton, Nitish Srivastava, and Kevin Swersky
e Blog by Sebastian Ruder

e Notes on mirror descent by Xinhua Zhang

e Course notes by Roger Grosse

References

Bernstein, J.  (2025). Modular  manifolds. Thinking  Machines  Lab: Connectionism.
https://thinkingmachines.ai/blog/modular-manifolds/.

Botev, A., Lever, G., and Barber, D. (2017). Nesterov’s accelerated gradient and momentum as approximations to
regularised update descent. In 2017 International joint conference on neural networks (IJCNN), pages 1899-1903.
IEEE.

Defazio, A. (2025). Why gradients rapidly increase near the end of training. arXiv preprint arXiv:2506.02285.

Dozat, T. (2016). Incorporating nesterov momentum into adam.

Dubey, A., Jauhri, A., Pandey, A., Kadian, A., Al-Dahle, A., Letman, A., Mathur, A., Schelten, A., Yang, A., Fan,
A, et al. (2024). The llama 3 herd of models. arXiv preprint arXiv:2407.21783.

Duchi, J., Hazan, E., and Singer, Y. (2011). Adaptive subgradient methods for online learning and stochastic
optimization. Journal of machine learning research, 12(7).

Everett, K. E., Xiao, L., Wortsman, M., Alemi, A. A., Novak, R., Liu, P. J., Gur, I., Sohl-Dickstein, J., Kaelbling,
L. P., Lee, J., and Pennington, J. (2024). Scaling exponents across parameterizations and optimizers. In Forty-first
International Conference on Machine Learning.

Finesso, L. and Spreij, P. (2006). Nonnegative matrix factorization and i-divergence alternating minimization.
Linear Algebra and its Applications, 416(2-3), 270-287.

Ghadimi, S. and Lan, G. (2012). Optimal stochastic approximation algorithms for strongly convex stochastic
composite optimization i: A generic algorithmic framework. SIAM Journal on Optimization, 22(4), 1469-1492.

Graves, A. (2013). Generating sequences with recurrent neural networks. arXiv preprint arXiv:1308.0850.

Grosse, R. (2021). Adaptive gradient methods, normalization, and weight decay. https://www.cs.toronto.edu/
~rgrosse/courses/csc2541_2021/readings/LO5_normalization.pdf.


https://parameterfree.com/lecture-notes-on-online-learning/
https://parameterfree.com/2019/09/11/online-gradient-descent/
https://parameterfree.com/2019/09/20/adaptive-algorithms-l-bounds-and-adagrad/
https://parameterfree.com/2019/09/20/adaptive-algorithms-l-bounds-and-adagrad/
https://courses.cs.washington.edu/courses/cse547/17sp/slides/adagrad.pdf
http://www.cs.toronto.edu/~tijmen/csc321/slides/lecture_slides_lec6.pdf
https://www.ruder.io/optimizing-gradient-descent/
https://users.cecs.anu.edu.au/~xzhang/teaching/bregman.pdf
https://www.cs.toronto.edu/~rgrosse/courses/csc2541_2021/readings/L05_normalization.pdf
https://www.cs.toronto.edu/~rgrosse/courses/csc2541_2021/readings/L05_normalization.pdf
https://www.cs.toronto.edu/~rgrosse/courses/csc2541_2021/readings/L05_normalization.pdf

Gupta, V., Koren, T., and Singer, Y. (2018). Shampoo: Preconditioned stochastic tensor optimization. In Inter-
national Conference on Machine Learning, pages 1842-1850. PMLR.

Hanson, S. and Pratt, L. (1988). Comparing biases for minimal network construction with back-propagation.
Advances in neural information processing systems, 1.

Jordan, K., Jin, Y., Boza, V., You, J., Cesista, F., Newhouse, L., and Bernstein, J. (2024). Muon: An optimizer
for hidden layers in neural networks.

Kingma, D. P. and Ba, J. (2014). Adam: A method for stochastic optimization. arXiv preprint arXiv:1412.6980.

Kunstner, F., Hennig, P., and Balles, L. (2019). Limitations of the empirical fisher approximation for natural
gradient descent. Advances in neural information processing systems, 32.

Lee, D. D. and Seung, H. S. (1999). Learning the parts of objects by non-negative matrix factorization. nature,
401(6755), 788-791.

Loshchilov, I. and Hutter, F. (2017). Decoupled weight decay regularization. arXiv preprint arXiv:1711.05101.

Morwani, D., Shapira, 1., Vyas, N., Malach, E., Kakade, S., and Janson, L. (2024). A new perspective on shampoo’s
preconditioner. arXiv preprint arXiw:2406.177/8.

Nemirovskij, A. S. and Yudin, D. B. (1983). Problem complexity and method efficiency in optimization.

Nesterov, Y. (1983). A method for unconstrained convex minimization problem with the rate of convergence o(1/k?).
In Dokl. Akad. Nauk. SSSR, volume 269, page 543.

Reddi, S. J., Kale, S., and Kumar, S. (2019). On the convergence of adam and beyond. arXiv preprint
arXiv:1904.09237.

Salimans, T. and Kingma, D. P. (2016). Weight normalization: A simple reparameterization to accelerate training
of deep neural networks. Advances in neural information processing systems, 29.

Sankar, A. R., Khasbage, Y., Vigneswaran, R., and Balasubramanian, V. N. (2021). A deeper look at the hes-
sian eigenspectrum of deep neural networks and its applications to regularization. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 35, pages 9481-9488.

Shazeer, N. and Stern, M. (2018). Adafactor: Adaptive learning rates with sublinear memory cost. In International
Conference on Machine Learning, pages 4596-4604. PMLR.

Shi, H.-J. M., Lee, T.-H., Iwasaki, S., Gallego-Posada, J., Li, Z., Rangadurai, K., Mudigere, D., and Rabbat, M.
(2023). A distributed data-parallel pytorch implementation of the distributed shampoo optimizer for training
neural networks at-scale. arXiv preprint arXiv:2309.06497.

Tagare, H. D. (2011). Notes on optimization on stiefel manifolds. Yale University, New Haven.

Tieleman, T., Hinton, G., et al. (2012). Lecture 6.5-rmsprop: Divide the gradient by a running average of its recent
magnitude. COURSERA: Neural networks for machine learning, 4(2), 26-31.

Van Loan, C. F. and Pitsianis, N. (1993). Approzimation with Kronecker products. Springer.

Wen, K., Li, Z., Wang, J., Hall, D., Liang, P., and Ma, T. (2024). Understanding warmup-stable-decay learning
rates: A river valley loss landscape perspective. arXiv preprint arXiv:2410.05192.

Wortsman, M., Liu, P. J., Xiao, L., Everett, K. E.; Alemi, A. A., Adlam, B., Co-Reyes, J. D., Gur, 1., Kumar, A.
Novak, R., Pennington, J., Sohl-Dickstein, J., Xu, K., Lee, J., Gilmer, J., and Kornblith, S. (2024). Small-scale
proxies for large-scale transformer training instabilities. In The Twelfth International Conference on Learning
Representations.

Zhuang, Z., Liu, M., Cutkosky, A., and Orabona, F. (2022). Understanding adamw through proximal methods and
scale-freeness. arXiv preprint arXiv:2202.00089.



A Convex Stochastic Optimization (CSO)

Let z ~ pop define a convex per-example loss J,(w) € R over w € V. Let

w*=argmin @ E [J,(w)] (90)
weV ~ TVPOP

Denote the expected loss J(w) = Egpop|Jz (w)] (which remains convex) and let J* = J(w*). The goal of first-order
CSO may be stated as developing a gradient-based algorithm that produces a proposal w € V' given T iid samples
from pop (note that w may be itself random) such that

EulJ(w)] - J* <O (;ﬂ) (91)

for some o > 0 (the higher the faster convergence). We may use OCO to solve CSO. Starting from some initial
wy €V, fort=1...T, we sample an iid x; ~ pop, get punished by the convex loss J, (w;) € R, and obtain w41
from the algorithm. This makes w; € V random in the past data xo = @, 21 ...24_1. Let B(T) be a regret bound
of the OCO algorithm. Then

T
> e (wr) — min ; Ja (w) < B(T) (92)
In particular,

Dividing both sides by T yields

Take the expectation wrt. the iid samples z;1 ...xp ~ pop on both sides. The second term on the LHS becomes
J*. The first term is

T 1 T
Ti.. xTNpop Tg Ty ’LUt ‘| = T;ml...zlg~pop [th(wt)]
1z
-7 Z E [J(w)] (since wy is independent of x;)
T e wy
1 X
= wleT T Z J(wt)]
t=1
1 X
> wleT J (T tz:; wt>] (convexity of J)
Thus we have
B(T)
< 2

Le., taking the average of w; ...wy from the online algorithm on (any sequence of) iid samples z; ...z ~ pop
yields a solution that on average (wrt. sampling randomness) falls behind J* at the rate of O(%). In particular,
if B(T') = o(T) (i.e., sublinear regret), the solution is guaranteed to converge to J* asymptotically. For instance, if

B(T) = O(V/T), the solution has the convergence rate of O(ﬁ)



A.1 Optimal First-Order Convergence Rate

While OCO can be used to achieve (91) up to a = % (limited by its regret lower bound Q(v/T)), it does not exploit
the fact that the loss is not adversarial (J, is determined randomly by = ~ pop). We may achieve a = 1 (using
SGD) if J is L-smooth and the gradients are noiseless (i.e., infinite batch size). Specifically, if we perform the true
gradient steps w1 = wy — (1/L)VJ(wy) (i.e., this is GD, not SGD), we have (Lemma T.5)

L ||wy —w*|[5

J(wryr) —J* < 5T

How far can we push « using only the gradient information (i.e., first-order)? Nesterov (1983) propose a method
that achieves o = 2. Again assuming J is L-smooth and the gradients are noiseless, we update

w1 =y — (1/L)VJ(y)
t

Y41 = W1 + m(wt—kl — wy)

which is equivalent to heavy-ball gradient descent with a lookahead gradient (Section 2.3). Then it holds that
. 2L\|w1—w*\|§
_ < 117 2
J(wr) —J (T +1)°

Nemirovskij and Yudin (1983) show that O(1/7?) is a lower bound for every first-order method, hence o = 2 is the
best possible in CSO when one only uses gradients.

Noisy gradients. If the (unbiased) gradients are noisy g: = VJ,,(w;) with z; ~ pop but in a bounded way
E.,[/lg: — VJ(w;)]|’] < 02, we can show that

_ N 1 o

where wr is some time-weighted average (Ghadimi and Lan, 2012). (The bias term is O(1/T) for SGD.) Hence the
O(c/V/T) variance term dominates the overall rate unless the gradients are noise-free.

A.2 Second-Order Convergence Rate

If we use the second-order information (i.e., the Hessian), we can actually achieve a fundamentally faster rate than
(91). The following theorem describes the convergence behavior of Newton around the optimum for an idealized
function (Corollary T.7, T.9; Lemma T.8):

Theorem A.1 (Convergence rate of Newton). Assume J : R? — R is m-strongly convex and M-smooth. Let
w* = argmin,cpa J(w) denote the unique minimizer. Define the Newton ball as B = {w : [[w — w*||, < 7 }.
Assume that the Hessian is L-Lipschitz in the Newton ball in operator norm for ||[|, (i.e., ||V2J(u) — V2J(v)||, <

L||lu—vl|, for u,v € B). If w; € B, and we perform the Newton steps wi+1 = wy — (V2J(wy)) "'V J (wy):

1. (Linear phase) For all k£ > 1, we have

Mm?
J —J < 4k
(wesr) = ( 912 )
with ||"U.)t+k — w*||2 S (%) 27k.

2. (Quadratic phase) Let t' =t + {log4(Mf2)—‘. For all k > 1, we have

2m?2

o2m? _ok

So around the optimum with a well-behaved Hessian, Newton achieves an exponential rate O(4~T) and after some

burn-in a doubly-exponential rate O(Z_QT), which decays far faster than the first-order rate O(T~%) where o = 1
for SGD and a = 2 for Nesterov.



A.2.1 Failure mode of Newton

Theorem A.1 crucially depends on the bounded movement of the Hessian (i.e., Lipschitz). Outside the Newton
ball, if the curvature changes too much, Newton may lose its quadratic advantage. A simple 1D convex example is
J(w) = w* with w* = 0 and J* = 0. Note the Hessian J”(w) = 3w? may not be Lipschitz far away from 0 (i.e.,
3 |u? = v?| > |u— v]). Newton says wi+1 = 3wy, yielding wr41 = (3)Twy and J(wri1)—J* = O((81/16)~T), never
entering the quadratic phase O(Q*QT) (still faster than SGD’s O(T~!)). Worse, Newton may diverge. Consider
J(w) = e¥ —w with w* = 0 and J* = 1. Newton says w1 = w; — 1 + eVt If wy = —100, then w1 > 10*® and
the subsequent steps will not be able to bring it back to 0 (e.g., w2 ~ 10?3 — 1), essentially failing to converge.
The second-order approximations (which Newton minimizes) for these examples are visualized below at w = —3:

10

40

20

pd

2 0 2 0 20 40

J(w) = tw! Jw)=e"—w

Thus classical Newton necessiates “globalization” techniques to handle locations outside the Newton ball (e.g., do
first-order until close to convergence, damp with a learning rate n; < 1). When we view adaptive methods like
AdaGrad, Adam, and Shampoo as approximating the inverse Hessian, we should note that they naturally simulate
the damping scheme by the virtue of slowly moving preconditioners (typically some momentum or moving average)
as well as explicit learning rate schedules.

A.2.2 Clarification on the rate terminology

We have shown the following convergence rates for non-stochastic (i.e., using the exact gradient/Hessian) convex
optimization with well-behaved loss functions:

Method J(wp) — J* Rate terminology
Gradient descent O(#) Sublinear
Nesterov O(%) Sublinear
Newton during linear phase O(BT) where B < 1 Linear
Newton during quadratic phase O(,O2T) where p < 1 | Quadratic (super-linear)

The adjectives are from local @-convergence theory. Denoting the error at step ¢ as Ej,
e E; 1 = BE, for 8 <1 is called linear. This implies the exponential decay O(37).

e By 1 = CE? for C > 0 is called quadratic. This (asymptotically) implies the doubly exponential decay
O(pQT) for some p < 1 (e.g., 22" after a burn-in).

e Any slower rate is called sublinear. This includes the polynomial decay O(T~%).

This is unrelated to the term sublinear regret in online learning, where the regret bound o(T) is literally sublinear.

B Lower Bound on Regret

Let V = {+£1} denote the hypothesis space. At each step t, the enemy randomly picks z; = £1 and defines the
(linear) loss l;(w¢) = —x4w;. Then no matter what w ... wr we choose, our expected cumulative loss is always zero
by the linearity of expectation and the independence of w; and x;

T T
thwt] :fz‘!j][xt]wt =0

t=1




For any choices of x1...xzp € {£1}, the hypothesis u € {+1} that achieves the smallest cumulative loss must
minimize —Zg;l x4u, which is either —Zle Zy OF Zthl x¢. This implies that v = sign (Zthl xt), with the

optimal loss

T T T T T
) == sosen () = s (3 ) S |3
t=1 t=1 =1 =1 —

Thus for any w; ... wr, the expected regret is

T T T
— Z Tiwy + Z Tsign (Z xt/>
t=1 t=1

t'=1

T
> a|| =0(T)

t=1

The last term is @(\/T ) just by the central limit theorem.'® Thus we have constructed a randomized enemy that
achieves an Q(\/T) expected regret for any wj ...wr asymptotically as T — oo. This implies the existence of

some deterministic enemy that achieves an Q(\/T) regret for any wy ... wr asymptotically as T — oo (aka. Yao’s
minimax principle). The intuition is that randomization is only a handicap for the enemy, not a feature.

=0+ E
X1...xT

E
xX1...xT

C Bregman Divergence

Let ¥ : © — R be a strictly convex and differentiable function over a convex set Q C R?. The associated Bregman
divergence D, (z,y) (from y to x) measures the error of the first-order approximation of ¢ around y € Q at = € Q.

Dy(z,y) = v(z) —¥(y) — V(y) (z —y)

y X
Since 9 is strictly convex, Dy (x,y) > 0 and zero iff = y. We say ¢ is o-strongly convex with respect to the
norm ||-|| if Dy(z,y) > & ||z — y| ?. Dy(x,y) is clearly assymetric. It is trivially convex and differentiable in 2 with

the gradient V,Dy(z,y) = Vip(x) — Vip(y). It is not necessarily convex in y. The two most important examples of
Bregman divergence are as follows:

1. For any A > 0, the A-weighted Euclidean norm v : R? — R induces the A-weighted Euclidean distance
(Appendix N.3).

1 1
() = 3 Il = Dy(e,y) = 5 llo vl (93)

Clearly, ¢ is 1-strongly convex wrt. ||||,. In particular, ¢ (z) = 1 \|x||§ is 1-strongly convex wrt. the I3 norm.

2. The negative entropy 9 : A%~! — R induces the KL divergence.
d
() = zilog; = Dy(x,y) = KL(z,y) (94)
i=1
Pinsker’s inequality gives us KL(z,y) > % |z — yllf, thus 1 is 1-strongly convex wrt. the {; norm.

C.1 Generalized Pythagorean Theorem

Lemma C.1. For all z,y,z € €,

Dy(y,x) = Dy(z,) + Dy(y, 2) + (Vip(2) = Vop(x)) " (y — 2) (95)

8Fach z; is an independent Rademacher variable with mean 0 and variance 1, so we have \ZZ;I zt| = VT |Z| where Z ~ N(0,1).
The boundedness of |-| implies E[| 27, ¢|] — VTE[|Z|] where E[|Z|] = v/2/7 is some constant.



Proof. Let Dy (y,x) = Dy(z,2) + Dy(y, z) + C for some term C. Expanding by definition,
C = Dy(y,x) = Dy(2,2) = Dy(y, 2)
— (T — bl — Vla) (g — )} — (4T — pla] — V(@) (= — )} — LT — e — V() (= 2)}
= (Vi(2) = V() " (y — 2)

Lemma C.2. Let C C Q be a convex and closed set. Pick any z € Q. Let

pr = argmin Dy (z, ) (96)
z€C

denote the Bregman projection of z € 2 onto C. Then for all y € C,

Dy(y,2) 2 Dy (pa, x) + Dy(y, pa) (97)
where the inequality is tight iff Vi (p,) — Vi(z) is orthogonal to y — p,.

Proof. By Lemma C.1, we only need to show (Vt(p,) — Ve(2))T(y — pz) > 0 for all y € C. Since p, =
argmin, .. f(2) is the minimizer of the convex function f(z) = Dy(z, ) over C, it follows that V f(p,) " (y—ps) > 0.

But Vf(p:) = Vi(p,) — V(). -

Example C.1 (Pythagorean theorem). Let Q = R? and C C R? be a subspace. Let 9(z) = \|x||§ which induces
the squared Euclidean distance Dy (z, z) = ||z — z||§ in R%. Then p, € C is the orthogonal projection of x onto the
subspace C where x — p,. is orthogonal to C. In particular, Vi (p,) — V¢ (x) = p, — z is orthogonal to y — p, for any
y € C, hence (97) holds with equality, i.e., the usual Pythagorean theorem: ||z — y||3 = ||z — p||5 + ||p= — y||5-

C.1.1 Regularized Bregman projection

We can further extend Lemma C.2 to regularize the Bregman projection with a convex function.

Lemma C.3. Let C C  be a convex and closed set. Let [ : C — R be convex and differentiable. Pick any = € €.
Let

Pz = argmin Dy (z,x) + [(2) (98)
zeC

denote the Bregman projection of x € 2 onto C regularized by [. Then for all y € C,

Dy (y,2) +1(y) = Dy(pa; ) + Dy (y, pz) + Upa) (99)
where the inequality is tight iff [ is affine, i.e., g = VI(2) for any z € C, and V¢ (p,) — Vio(z) + g is orthogonal to
Y — Pz
Proof. Define f(z) = Dy(z, )+ () which is convex and differentiable. Since p, = argmin, . f(z), it follows that

0< Vf(p:v)—r(y _pw) = (Vl/)(px) - V’(/J(CL’) + v“pw))—r(y _pw)
= Dy(y,x) = Dy(pz, ) = Dy (y,pa) + Vi(pa) " (y = 1) (Lemma C.1)

< Dw(y7$) - Dw(pmyx) - Dw(y>pw) + l(y) - l(pw)

where the inequality uses the convexity of [. Rearranging the terms gives (99). The second inequality is tight iff [
is affine and the first inequality is tight iff V. f(p.) " (y — pz) = 0, thus (99) is tight iff both conditions hold. O

C.2 Other Properties

Lemma C.4 (Duality). Assume 2 is closed. Then Dy (y,x) = Dy« (Vi (x), Vio(y))
Proof. Since € is closed, ¢¥*(p) = sup,cq p'xz — (x) is well defined. Strict convexity implies Vi : Q@ — R? is
invertible, so V(¢*) = (V¢)~1 and ¥*(p) = p" (V) *(p) — ¥((V))~1(p)) by Fact E.4. The latter implies that
V*(Vp(z)) = Vi(2) T2 — (). We can directly verify the equality:
Dy (Vip(x), Vi (y)) = " (Vip(x)) — " (Vi (y) — VEi (Vi (y)) (Vi (z) — Vi(y))
={Vi(2) "z —9(2)} —{Ve@) 'y v} -y (Vi) - Vi(y)
= ¢(y) — v(z) —Y(y) (y —2)
= Dy (y )



Lemma C.5 (Mean as minimizer). Let p be a distribution over a closed set S C Q. Define 2* = arg min, g Ey,[Dy (y, x)].
Then z* = p, (i.e., the mean of p).

Proof. By the linearity of expectation,
E [Dy(y,2)] = E [¥(y)] —¢(a) = Vip(a) " (1 — )

y~p y~p

To see 1, is optimal, consider any = € S and note

E [Dy(y,2)] — E [Dy(y, pp)] = ¥(pp) — ¥(x) — Vo(2) " (1p — ) = Dy (pp, ) >0

y~p y~p

which is minimized to zero at x = p,,. O

D Exponentiated Gradient Descent

Lemma D.1. In mirror descent (1), assume d > 2. Choose V = A%l and ¢, (w) = —H(w) = Zf-l:l w; log w; so
that the objective reduces to (see (94))

1
wyyq = argmin g w + —KL(w, w;) (100)
weAd—L i

where w; € A% is assumed full-support. Then wgy1 satisfies
wy,; exXp(—1tGt,i)

Wi+1,i = =g
> e We,j €xXP(—1ege,;)

(101)

Proof I. The objective is convex since KL is strictly convex in the first argument. The feasible set (probability
simplex)

i=1

d
AL = {weRd: w > 0gq, sz‘:l}

has only linear constraints with a strictly feasible point (since d > 2). Thus strong duality holds and we can solve
the KKT system to find a global optimum. The Lagrangian is (omitting the nonnegativity constraint):

d
L(w,\, 7) = neg) w + sz log Z. +7(lgw—1)

i=1 ?

w.

The optimal solution satisfies the stationarity condition

OL(w, \,T)
87 = MGti + log
w; W4

wj

+1+7=0 < w; = Wy ; exp(—Negei — 1 +7)

Enforcing the constraint Zj w; = 1 ylelds 7 = — log(zj wyj exp(—nege,; — 1)). Plugging it in the expression, we
get a feasible solution:

weiexp(—negei — 1) weiexp(—n:g)
w; = = >0
2o jwegexp(=mege; — 1) D2, wejexp(—mge,;)
O

Proof II. The objective is equivalent to

E [ntgt,i + log i ] =E [log e } =E [log wl} — log z;

W Wt 4 W Wt 4 eXP(—ntgt,i) W Ut i
where z; = Zj wy j exp(—nege,;) and uy = we/z € A1 Thus wy,; = arg min,,epa-1 KL(w, u) = u. O

The argument in Proof IT applies equally to the “KL-constrained RL problem” where the goal is to find the next
policy by maximizing the expected reward r(y) € R for action y ~ 7 subject to the constraint KL(r,m;) < C.

1
mr1 = argmax E [r(y)] — —KL(w,m) = Te41(y) ﬂt(y)er(y)
TEAd-1 YT uiz

We can see that (100) is a special case where the action space is ¢ € {1...d} and the reward is the gradient g;; € R.



E Convex Conjugate

Let ¢ : R — R. Its convex conjugate ¢* : R — R maps a slope p to how much px can overestimate i(x):

0o = max {p— v | (102)
¥* is always convex no matter what v is (because ¢*(p) is the pointwise maximum of affine functions of p).
a /a
i '
Y(z) = oz —f Y(z) = |z|
4 U U
a -1 1
P*(p) = B if p = a, else 0o P*(p) =01if |p| < 1, else 0o P*(p) = %

Lemma E.1. If ¢ is convex and differentiable with an invertible ', then ¥*(p) = p x (¢')"1(p) — ¥ ((¥")~1(p)).

Proof. Since 1 is convex, any x, € R satisfying 1'(z,) = p is an optimal solution in (102). (This is visually clear
in the rightmost example.) Since ¢’ is invertible, z,, = (¢")~*(p) is unique. O

Lemma E.2. If 1 is convex and differentiable with an invertible ', then ¢* is differentiable with (*)" = (')~ 1.

Proof. By Lemma E.1, we have ¢*(p) = p x (¢')"(p) — ¥((x')~(p)). An inverse function is differentiable, so we
can use the product rule and the chain rule to obtain

@) (p) = @) ®) +px ()71 () = ¥ (W) (0) x ()1 ()

@)~ ()

O
Lemma E.3. ¢(z) > ¢**(x) for all x € R. If ¢ is convex and differentiable with an invertible ¢’, then ¢ = ¢)**.

Proof. For the first claim,

¢*(p) = pr —P(z) Vr,peR & U(x) > pr —9*(p) Vr,peR
& P(x) > max {mp - z/)*(p)} =¢™(x) VreR
pER

For the second claim, since 9’ : R — R is a bijection,

o7t (o) = max {op ") | =max ')~ 0 0/}

peR

By Lemma E.1, the last term becomes

P (W () = ¢'(y) x ()W () = (W)@ @) = ¢ )y — v (y)


https://math.stackexchange.com/questions/251405/alternative-proof-for-differentiability-of-inverse-function

Plugging this back in, we have

yeR

57 (o) = max {00) - - )}

Using the fact that 1 is strongly convex (implied by the premise), we can easily verify that the RHS is maximized
at y = x, thus ¥**(z) = ¥(x). Intuitively, the expression considers all lines tangent to ¢ and picks the one that
gives minimum underestimation at x. O

Exercise 1. Verify that Lemma E.1, E.2, and E.3 hold for ¢(z) = 22.

E.1 Vector-Valued Input

The results for scalar-valued input easily generalize to vector-valued input ¢ : R? — R. We summarize them below.

Fact E.4. Let ¢ : R? — R. Its convex conjugate ¢* : R? — R is defined as

0 () = max {o7e - vio) | (103)

z€R

Y* is convex and (z) > ¥**(z) for all z € RZ If ¢ is convex and differentiable with an invertible gradient
Vi RY - RY,

*(p) =p (V)" (p) — ¥((VY) " (p)) (104)
V() = (V)= (105)
Y= (106)

F Regularized Update Descent

To relate Polyak and Nesterov momentum, Botev et al. (2017) consider minimizing the objective J(#) € R (assume
0 is a scalar for simplicity) through

J(0,v) = J(0+v)+ %’UQ
where v € R is a regularized velocity (y € (0,1)). We can easily see that 6*,v* = argmin, , J(6,v) satisfy v* = 0
and 6* = argmingy J(6). They propose to do SGD wrt. the velocity v and then update the parameter 6 < 6 + v
(instead of doing SGD wrt. ). Choose initial 61,v; and for t = 1,2, ... compute

*

aJ (0 U ,
Vi41 = V¢ — ﬂt% = (1 — nt’y) UVt — ’I]tJ (015 + ’Ut) (107)

Kt

followed by 0:11 = 60 + vey1. (107) clearly resembles SGD with momentum. Let Jél)(v) (0) + J'(6)v and

=J
JQ(Q) (v) = J(0) + J'(0)v+ & J"(0)v? denote the first- and second-order approximations of J(6 4 v) around 6, where
the latter chooses to further regularize the second-order term with p; < 1. Then

1
J'(6, 4+ vr) ~ a‘]‘gél(”t) — J'(6:)
2
J' (00 + ) = (W{gi}(m) = J'(00) + " (0n)ve = J' (00 + pyvr)
where the latter again uses a first-order approximation. These yield
V41 = UtV — 77tJ/(9t) (Polyak)
Vi1 = pevr — N’ (0 + pevy) (Nesterov)

While the approach relates the two SGD momentum methods, it is a bit awkward to motivate (e.g., updateing the
velocity instead of parameter does not guarantee that J(6+v) is reduced). and not an exact match (e.g., us € (0,1)
must be scheduled and coupled with the learning rate).



G Kronecker Product
The Kronecker product C' = A® B of A € R™*% and B € R™*! is defined as

Al’lB cee Al’nB

C = c Rmnxdl

ApaB - ApnB
(i.e., md copies of B € R"*!, each scaled by 4, ; € R). Specifically,
Cliy =Dt (i2—1)14ja = Airyis X Bjy (108)
for i1 € [m], j1 € [n], i2 € [d], and jo € [I] (we shorthand [N] = {1...N}). One way to see this is: for each
row i1 of A, we go through all the rows j; of B. Let vec : R™*"™ — R™" denote row-major vectorization (e.g.,
vec([[a, b]; [c,d]]) = (a, b, ¢,d)). Then (reference)
vec(ABC) = (A® CT)vec(B) (109)
(e.g., vec(uv ') = u ® v). By the mixed-product property,
(A® B)(C® D) = (AC) ® (BD) (110)

Matrix transpose distributes without reordering as: (A® B)T = AT @ BT.

G.1 Optimal Kronecker Decomposition

For any A € R™*¢ and B € R"*!, we would like to define a permutation of the mdnl values in A @ B € R4l
into the shape md x nl such that

rearrange(A ® B) = vec(A)vec(B) (111)
We can reverse-engineer the correspondence. Since
(A® B)(iy—1yntir,(ia—i+s2 = Air,ia X Bjy o = (FC(A)TE(B) ) (13 —1)dtiz, (2~ i+
for i1 € [m], j1 € [n], i2 € [d], and ja € [I], we can define rearrange : R™"*dl — Rmdxnl hy
rearrange(H) i, 1)dtiy,(jy —1)14j2 = His —1)ntjr,(i2 1)1+ (112)

We will assume that m,d,n,l are known when we call this function (for the given input of shape mn x dl). By
definition, (112) satisfies (111). A useful property of the function is that it is an involution (i.e., its own inverse):

rearrange(rearrange(H)) = H (113)

One way to see this is to view the function simply as changing the way how we read the mdnl input values by
(1, 41,92, 72) — (i1,12,j1,j2) where we swap two axes, so applying it again recovers the original way. Van Loan
and Pitsianis (1993) proposed the rearrangement for finding an optimal Kronecker decomposition of a matrix due
to the following property:

Lemma G.1. Let C € R™*, For any A € R™*¢ and B € R"*!,
IC — A® B||» = ||rearrange(C) — vec(A)vec(B)THF
Proof. Using (111), the obvious linearity of rearrange, and the fact that ||-|| is unaffected by rearranging values,

||rearrange(C) — vec(A)vec(B)THF = ||lrearrange(C) — rearrange(A4 ® B)||»
= ||rearrange(C — A ® B)||
=|IC-A®Blp


https://en.wikipedia.org/wiki/Vectorization_(mathematics)#cite_note-RowMajor-1

Corollary G.2. Let C € R™™*d and

A, B, = arg min [|C — A® B||p
AER’NLX(i7B€R”Xl

A solution is given by
_ T — ; . —
rearrange(C) = Zaiuivi A, = a x view(u1, m, d) Va,b>0: axb=o0y
i
B, = b x view(vy,n,1)
where M = view(u,d;,dy) arranges u € R%9 into a matrix of shape M € R%*92 in row-major order (i.e.,

view in PyTorch). In other words, optimal Kronecker decomposition reduces to optimal rank-1 approximation of
rearrange(C) € R™?*"! which is solvable by SVD.

G.2 Kronecker Product Between Square Matrices

If A e R™*™ and B € R™*™ have eigenvalues A1 ... Ay, and p1 ...y, the mn eigenvalues of A @ B € R™™*™" gre
A1 -« Amfbn. It follows that

tr (A® B) = tr (A) tr (B) (114)
AB-0 = (A®BP=AP@B? VpeR (115)
AB=0 = A®B>0 (116)
From (116), we can also infer that'®
A=A =0, B=B =0 = AB>=A @B (117)

G.3 Outer Product Bound

Lemma G.3. Let A € R™*” be any matrix where rank (4) <r. If a = vec(A) € R™",

aa’ < r(AAT)® I,
aa’ < rl, ® (AT A)

Proof. Let A=Y, _, opuiv) € R™*" beathin SVD. Since Vec is linear, a = >, _; oxvec(ugvy ) = > p_; ok (ug @ v).
Thus

I T T T
aa’ = <Z oy (ug ® Uk)) (Z o (up ® vk)> < TZU;% (ug, @ vg,) (ug @ vp) " (118)
k=1 k=1

k=1

= ’I”ZO']% (ukukT) (29 (vkv,;r)
k=1

<Yy o} (wuy) @1, (119)
k=1
=r(AAT)Y @ I,
(118) uses the fact that (3, w;)(>i_,w)" < r>i_ waw, for any wy...w, € R4L20 (119) follows from (117)
since I,, = vkv,;r. O

We invoke the fact that the geometric mean of PSD matrices respects Loewner order (aka. “operator monotone”):

Fact G.4. Let Y1 = X; = 0 and Y5 = X5 = 0 be PSD (square) matrices. Then Yf‘Yzlfa = Xf‘XQPO‘ for all
a € [0,1].
WAQB=(A+0)®(B'+D)=A QB +A®D+CQB' +C®D = A @B sinceC=A—A">0and D= B - B’ = 0.
20This follows from Jensen’s inequality and the convexity of f(2) = 22 (i.e., f(XF_; 2) < (1/7) S7_; f(2:)). Pick any z € R? and

denote z; = 2T w;. Then =" (21:1 wi) (21:1 wi)T T = ( A zi)2 <r ( 1 zf) =r (21:1 a:Twiw;r:B) =T (7‘ >t wiw;r) T.




Corollary G.5. Let A € R™*" be any matrix where rank (4) < r. If a = vec(A) € R™",
aa” <r(AAT @ AT A)Y/? (120)

Proof. By Lemma G.3, we have r(AAT)® I, = aa' and rl,, ® (ATA) = aa’. Applying Fact G.4, we have
aa’ X r((AAT)Y @ 1) (I @ (ATA)) =r(AAT @ AT A). O

H Hessian

Let (z,y) € X x Y denote an input-label pair. Let f,, : X — RX denote a neural network parameterized by w € R9.
Let L : RX x ) — R denote a loss function differentiable in the first argument. The most important loss is the
cross-entropy loss with Y = {1... K} given by L(z,y) = —log p.(y) = log(}_, €*) — z,, whose gradient is famously
V.L(z,y) = p, — e, € RE where ¢, € {0, 1}K is the y-th standard basis. We typically rely on the gradient

_ OL(ful).y)

o € R? (121)

VL (fuw(2),y)

for optimizing f,,. In contrast, the Hessian

O?L(f.,(z),

He () = Vi L(fule),y) = ZELD:0) ¢ g (122)
is avoided because of the d? size, even though it yields a much faster convergence rate (e.g., Newton’s method). It
is informative to analyze (122) nonetheless. As in backpropagation, we first decompose it by disentangling f,, and
L via the chain rule (Appendix I). This yields

iy (w) = Voo ful@) (VLG9 0)) Tudu@) T+ Vi fu(@) (VL) o)) (123)
—— ———— ——
dx K KX K Kxd dxdx K Kl

The first “outer” term, involving only the d x K Jacobian of f,, and the K x K Hessian of L, is called the Gauss-
Newton (GN) component of the Hessian. GN is empirically found to be a good approximation of the Hessian
(Sankar et al., 2021); it is exact if f,, is linear (since the second term vanishes). Given a population distribution
pop over (x,y) and assuming the cross-entropy loss, we can further relate GN with the gradient (121).

Lemma H.1. Let L(z,y) = —logp.(y). Then

(@ )E [waw(x) (V3L(Zay)‘zsz(z)) waw(x)—r} = IN]li)]OP [VwL(fw(w)vy)va(fw(x%g)T} = I(U}) (124)
»Y)~pop G~ fuo ()

The RHS of (124) coincides with the Fisher information matrix I(w) (i.e., the covariance of V,,L(f,,(2),y) where
y~ ful@)).?

Proof of Lemma H.1. Note that regardless of the label y € {1... K}, the Jacobian of the cross-entropy loss is the
same as the Jacobian of the softmax function:

VzL(Za y) = Vz(pz - ey) =V.p, = diag (pz) _prZT

Using the fact that Eley] = p. and E[ege;ﬂ = diag (p.) where § ~ p., we can express this as a vector outer product:

E [(p: —ey)(p- —e5) | = diag (p.) — pzp!

grp-

Putting together, we have

E [Vaful@) (VELGEY).op, ) Vadu(@)]

E [waw(-r) (diag (Pfu@)) —pfw(z)p}w(w)> waw(x)—r}

(z,y)~pop r~pop
= L E [Vulu@®ru@ =) Pra@ — ) Vofol@)']
g~ fuw ()
= B [VuL(fa@).0)VuL(fu().9)]
g~ fw(T)

O

] is still not exactly Fisher

where the last equality is the chain rule: Vi, L(fy(2),9) = Vi fuw(2)(V.L(2,9) ey (m)).

21The expected Hessian H(w) = E(z,y)~pop [Hz,y(w)] = I(w) + E(z,y)~pop [Vfufw(x)(VZL(z,y)|z:fw<z>)
since the second term does not vanish in general. Nonetheless, many works on second-order optimization assume H(w) = I(w).



I Vector Calculus Scratch Pad
Let w € R?. We can verify

Vuwg(f(w)) = (Vo f(w) (Vs g(f(w))) Vi:RY 5 RM ¢:.RM 5 RE (chain rule)
Vu(F(w)g(w)) = (Vo F(w)g(w) + F(w)(Veg(w)T  Vg:RP - RE F:RY - RP*X  (product rule)

where V,, F(w) € R*P*K ig the Jacobian of F(w) € RP*K . Let z = z(w) € RX (activations) and L = L(z) € R
(loss). We write

VoL € R%: (Vul); = gqi (gradient of the loss wrt. the weights)
V.L e RE : (V.L), = 5%11; (gradient of the loss wrt. the activations)
Vwz €R*E L (Vy2)ih = gj: (Jacobian of the activations wrt. the weights)
V2L e R (V2L);; = ajj;wj (Hessian of the loss wrt. the weights)
VIL e REXE . (V2L)y, = 8f:£zl (Hessian of the loss wrt. the activations)
V22 e RXIXK (V2 2), 50 = azjgkwj (Hessians of the activations wrt. the weights)
By the chain rule, we have
Vol = (Vyz)(V,L)
Vu(VL) = (Vuz)(VEL)

By the product rule, we have

Vi L= (V52)(V.L) + (Vuz)(VIL)(Vaz) T

J Integral Form of the Taylor Expansion
We can write any J : R? = R as
Jw) = J(u)+VJ(u) " (w—u)+ /0 (1—t)(w—u)" V2 (u+t(w—u))(w —u)dt (125)

This “lossless” Taylor expansion only uses up to the second-order derivatives. It is a direct consequence of the FTC
which allows us to write f: R — R as (Lemma T.4)

(1) = £(0) + 1(0) + / (1—0)f"(t)dt

Using f(t) = J(u+t(w—u)) (i.e., path of J from u to w) yields (125). It has applications where we want to express
functional chracteristics in terms of its Hessian.

Lemma J.1. J : RY — R is m-strongly convex wrt. the Iy norm (i.e., J(w) > J(u)+VJ(u) T (w—u)+ 3 |Jw — u||§)
iff V2J(w) = mly.

Proof. 1f V2J(x) = mIy, then v V2J(z)v > m |jv||3 for all v € R?, so from (125)
1
J(w) = J(u) + VJ(u) " (w —u) + / (1—t)(w —u) " V2J(u+ t(w —u))(w — u)dt
0

Zﬂm+VﬂMWw—m+Onm—uﬁ)fﬂ—ﬂﬁ

= (W) + VI () (w =) + 5w = ]} (126)



Conversely starting from (126) with w # u, writing w = u + tv for some ¢ > 0 and v € R? we have

J(u+tv) — J(u) —tVJ(u)Tv

2
22 > m||vl]; (127)

Define ¢(t) = J(u+ tv) where ¢(t) = ¢(0) + ¢'(0)t + £ (0)t2 + o(¢?). Observe ¢(0) = J(u), ¢'(0) = VJ(u) v, and
¢"(0) = v V2J(u)v. Since (127) holds for any ¢ > 0, this implies v V2J (u)v > m [|v]]3. O

Lemma J.2. J(w) < J(u) + VJ(u) " (w —u) + & |jw — ull? iff V2J(w) < M1,

Proof. The proof is symmetric to that of Lemma J.1. If J is convex, the former is equivalent to M-smoothness and
the latter is equivalent to ‘|V2J(w)‘|2 < M, consistently with Lemma T.17. O

In a similar vein, the integral form is useful when we want to express the gradient in terms of the “mean” Hessian.
Let w* denote any stationary point of J : R — R. The multivariate version of the FTC allows us to write

VJ(w) = VJ(w*) + /01 V2J(w* + t(w — w*))(w — w*)dt

-(/ R i W) = w)
— A w)(w — ) (128)

where H(w*,w) € R?*? integrates the Hessian from w* to w.

K Linear Stochastic Recurrences

Pick 0 < a < 1 and b € R. The following recurrence is universal:??

Tep1 = azy + bz (129)
This should be thought of as a recursive “tug-of-war” between the force of a that contracts x; and the force of bz,
that brings a fresh noise. It maintains an infinite running average of z;, z;_1, ... from an initial x:
t 2 t—1
= b _ P 1
Ty = a'ry + (zt+az_1+a“z_o+ - +a" " z) (130)

init—0  scale oo memory tape

But the contraction mass is bounded as >, a’ = (1—a) ™!, so the “effective depth” into the past is O((1—a)~').?

K.1 Estimating a Stationary Noise

Since x; computes some sort of average noise, it acts as an estimator if the noise converges. From (130):

E[$t+1] = atE['Il] +b (Z aiE[zt_i]> (131)

=0

Now suppose z; converges (in distribution) to some stationary law Z. Then it is clear from (131) that

lim Efz,] = (1 f a) E[Z] (132)

Le., z; is a biased estimator of E[Z]. It becomes consistent with b = 1 — a. The resulting online estimator is called
an exponential moving average (EMA):

Tip1 = axy + (1 —a)z = lim Elz;] = E[Z] (133)

t—o0

22The same analysis works for any |a| < 1, but we intentionally limit our analysis to a > 0 for simplicity.

23There are a few ways to think about this. Turn the past step weights a® into a distribution by wy = 1- a)ak. If we sample a
step from this distribution, the expected value is a/(1 — a). The threshold step for accumulating 1 — € of the mass is K = loge/loga ~
log(1/€)/(1 — a) for a =~ 1.



If z; ~ Z is furthermore identically distributed from the beginning (or at least changing very slowly), we can derive
a non-asymptotically unbiased estimator. Using 2o = 0 and 2441 = az:+ (1—a)z: = (1—a) Zf;é a‘z;_;_1, we have
E[z;11] = (1 — a')E[Z] which implies

1
Foay = <1 E at) w1 = Em =E[Z Vi=1.2,... (134)

Assuming z; is globally stationary is probably unrealistic (e.g., early gradients are distributed very differently from
late gradients).? In a long horizon, the difference between (133) and (134) vanishes.

K.2 Size Equilibrium
How big does x; get? To answer this question, we assume (zy, 2¢) 4 (X, Z).25 Then crucially
XLax+b2 (135)
The size of X clearly depends on the size of Z and their interaction. By taking square and expectation, we have
(1 — a®)E[X?] = b*E[Z?] + 2abr\/E[X2]/E[Z2] (136)

where k = E[XZ]/(\/E[X?2]\/E[Z2]) € [-1,1] is the (uncentered) cosine similarity. Le., “contraction must match
noise + alignment”. It is useful to define the RMS ratio R = \/E[Z?]//E[X?] and write (136) as

b? 2abk
1_a2R2+1_a2R:1 (137)
with clean approximations:
V1= a2
R~ Tﬁ (noise-dominated, k = 0) (138)
1—a? : :
~ Sabn (alignment-dominated, abxk > 0) (139)

(138) is trivial to compute, while (139) requires x. Unfortunately, the first approximation is often inaccurate unless
the memory tape is relatively short. The exact solution to (137) is, by the quadratic formula,

1—a?
K) = (140)
abk + |b] \/a?k? + (1 — a?)
(since o, has to be positive, we have one valid solution). The relative movement of R(x) around x = 0 is
R(0
S(a) = ‘ © ‘ __al (141)

R(0)

This blows up to infinity as |a| — 1 (longer memory = small correlation accumulates for long). Empirically, small-
window EMA (a = 0.95 = S(a) =~ 3) is much more amenable to (138) than large-window WD (a = 0.9999 =
S(a) =~ 70).

K.2.1 Variance equilibrium
From the closure (135), by the standard variance identity
(1 —a?)o% = b*0% + 2abpoxoy (142)

where ox,0z are standard deviations of X, Z and p = Cov (X, Z) /(0x0z) is the (Pearson) correlation. So the
same formulas (137-141) apply using R = oz /o x with the substitution k — p. We mention this explicitly because
it does not require the usual zero-mean condition; we can interchange between RMS and stdev for these formulas,
whether X, Z are centered or not. However, RMS is often more useful in practice since it does not require centering.

24But the bias correction has practical effects which may be useful regardless of theoretical motivation. The early scale 1/(1 —a?) > 1
helps z to “quickly gain momentum” from zo = 0. Adam can be seen as using the ratio of bias corrections (1 — 53)1/2/(1 -BH <1
as an implicit learning rate schedule.

25The joint convergence is necessary for the closure (135) and also the asymptotic interaction E[X Z] (e.g., it is possible to have

d
zt — Z but z¢ does not converge).



K.3 The Matter of Convergence

So far, we have just assumed that z;, x; converge. Naturally we can make this rigorous by imposing assumptions. A
classical setting is iid noise z; ~ Unkz(uz,0%) (independent of x1), so called an “AR(1)” process (i.e., first-order
autoregressive). Then in addition to the closed-form expression for the mean E[z;11] = a'E[z1]+(1—a')/(1—a)(bpz)
(which does not require independence), we also have a closed-form expression for the variance

1—
Var (z441) = a*Var (z1) + 17(0%1)2) (143)

(i.e., just take the variance of (130) and use independence). Furthermore, the limiting distribution X = b3 2/ a’z;

is well-known to converge in distribution for iid 2z;.%® We can see that the stationary variance 0% = b*/(1 — a?)o%

matches the noise-only approximation (138). In practice, it is difficult to impose such assumptions, yet (x4, 2¢)
nevertheless converge to a stationary law (X, Z).

K.3.1 Aside: EMA variance-matching window size

The iid assumption allows EMA z;y; = ax; + (1 — a)z: to have a clean asymptotic variance
(144)

This allows us to think about the effective window size of EMA by matching the variance with that of an average
in that window 0% /N, yielding

14+a
1—a

N =

which is consistent with the general effective depth O((1 —a)~!) (but has a better narrative and is slightly larger).
As a reference:

e EMA with a = 0.5 has the same stationary variance of a moving window of size N = 3.
e EMA with a = 0.9 has the same stationary variance of a moving window of size N = 19.
e EMA with a = 0.99 has the same stationary variance of a moving window of size N = 199.

e EMA with a = 0.999 has the same stationary variance of a moving window of size N = 1999.

L Root Mean Square (RMS)

In the context of measuring “typical” per-element size of some z € R, we often use the RMS (root mean square)

When d = 1, this becomes Va2 = |z], so it should be thought of as a multi-dimensional generalization of absolute
value. The average inside the square root is a second-moment estimator if x; ...xz4 are iid as X, i.e.,

d
1
E[X? = lim -
X = i, 52

Thus a natural theoretical counterpart to RMS is \/E[X?2] where X represents any element in z € R?. When
E[X] = 0, it coincides with standard deviation which is a standard way to measure the “size” of a random variable;
otherwise, it is simply the square root of the second moment.

26Since the norm of finite tails |[bY_72 a ZZHz <o) ||z1]l S50, lal® goes to zero as n,m — oo, X is well-defined in L? and thus in
distribution.



Why not directly work with absolute value? A more direct approach is to take the average of absolute
values and consider its theoretical counterpart

d d
1 .1
MeanAbs(z) = p ;,1 || E|X| = dlin;o p ;,1 ||

The reason we prefer RMS is mainly mathematical convenience. Analyzing the second moment of X is relatively
easy (e.g., known properties of variance, linearity of expectation) while analyzing the absolute value is nonstandard
and requires special tools. Note that RMS is always an upper bound on the absolute value by Cauchy-Schwarz
E|X| < /E[X2]. In some cases, the absolute value is given analytically and can be related to RMS. For instance
if X ~N(0,0?%), we have E|X| = 0+/2/m and thus

VE[X?] = \/ZE |X| ~ 1.25E | X]|

which shows RMS is equivalent to absolute value up to a constant factor.

What about the mean? Keep in mind that the mean says absolutely nothing about typical size. Consider
x € R190 where z; = —42 for i = 1...50 and z; = 42 for 4 = 51...100. Then

100

1
Toozxi —0 RMS(z) = 42
=1

We see that RMS correctly captures the “absolute value” of z. In contrast, the mean captures the average “drift”.
The theoretical counterpart is X such that E[X] = 0 but Var (X) > 0.

L.1 RMSNorm

An RMSNorm has a learnable scale parameter s € R? (e.g., initialized as 1¢, or some small constant if there is an
inductive bias). Given an input u € R?, it outputs

. u
v = dlag (5) RTW S Rd

In practice, RMS(u) = +/||ul|5 /d + € is computed using some tiny € > 0. Two crucial properties are (common to
all layernorms)

e Scale invariance in the forward pass: v = RMSNorm(cu) for all ¢ > 0

e Orthogonal gradient: since

1

g I uu’ diag (s) g, € span (u)™
U= BN N d— T o v
RMS () \ % Ju 3

we have g, u = 0.
Consider a “feedforward layer” of form y = RMSNorm(Wz). Denoting v = Wz, we have
(W, gw) = <VV, guxT> =tr (WTguxT) =tr ((Wx)Tgu) =tr (uTgu) =0

Similarly, "¢, = 0, which by chaining shows (U, gy) = 0 in multi-layer RMSNorm(WUz). While the struc-
ture is not exactly the case (e.g., nonlinearities), many layers in deep learning have this form and propagate the
weight-gradient orthogonality in practice (green curve in Figure 2). An important implication is that weight size
regularization such as weight decay only changes the learning dynamics (Section 5).

M Nonnegative Matrix Factorization (NMF)

Let C € RZ;™ and r € N. We wish to find A € RY;" and B € RLj" such that C' ~ AB. A natural divergence
between nonnegative values is the I-divergence (Finesso and Spreij, 2006; Lee and Seung, 1999). For any a,b > 0,
the I-divergence is defined as

IDiv(a,b) = alog% —a+b (145)



where § = 0 and 0log0 = 0. (145) is nonnegative due to the convexity of zlogz. For multi-dimensional inputs
p,q (of the same shape), we define IDiv(p,q) = Y ., IDiv(p;,¢;). In particular, IDiv(p,q) = KL(p,q) if p,q are
distributions. Minimizing IDiv(C, AB) over nonnegative A, B is equivalent to

A B* = arg min Z Z —-C; 1.7 log <Z A; thJ) + ZAl k}Bk},J (146)

AGR?OXT,BGRTXW = 1] 1

Jco(A,B)

We have a manifold of optimal solutions Jo(A*, BX) = Jo(aA*, 2 B*). The objective is biconvex. Putting aside
the nonnegative constraints for now, the gradient is given by (we focus on A since B is analogous):

OA; i i1 A le,j 7

j=1

In general, there is no closed-form solution for a stationary point. We can still do projected gradient descent on A,
but a more popular approach is the multiplicative update (149) which preserves nonnegativity.

Rank one. If r = 1, the stationary point has a closed-form solution.?7
Yic1Cij & > i1 Cij C1
A'1: ] ‘ B1,=0 = A‘1:L = A= n
T, Z 3J T, Z;’«Zl Bl,j B].n
Similarly, we have the stationary B = i?i We may constrain A € R™*! to satisfy 1] A = 1] C1,, (using scale
T
invariance) so that A = C1,, and B = % Since they are nonnegative, they are a solution to (146). Thus

rank-one NMF is easy (even though it is still technically nonconvex).

M.1 A Generative Story

We assume a model parameterized by A € RT;" and B € RU{". It generates the latent variable Z € Nij**"*" by
Zi,j,k ~ POi(Aikakj)

Then it generates the observation C' € Ng**" by C; ; = >y _; Z; j k. Since C;; ~ Poi(Y_;_, A; xB;) by the usual
property of Poisson, the marginal distribution over C' is

(3 h_y Ai g Byj)Cide™ k=1 AinBri
pas(C) = H = ]C‘ ]

i,j 4,7

The joint distribution over Z and C satisfying C; ; = > ;| Zi jx 18

(Ai g Byj) 70k e” ik ks
Zijk!

pA,B(Zv C) = H

.5,k
The posterior over Z; ; € Njj conditioned on C; ; follows the multinomial distribution (Lemma T.2):

A; xBri \"
pa,B(Zi;j|Ci ;) = Mult <Ci,j, (%) > (Zij) (147)
l (2 J k=1

We seek the MLE, i.e., the maximizer of the marginal log-likelihood:

A*,B* = argmax logpa,g(C)

AGRZLOXT,BGRTX"

arg min ZZ C;,51og (ZA kBk3> + ZA & Bij (148)

AERZOXT7B€RTX" i=1 j=1

27TFrom the generative perspective of the next section, this happens largely because we remove the “latent variable” and the “sum
inside log”.



We see that (148) and (146) are the same. But now that we have a generative story, we can do EM. At any A, B,
we can maximize the ELBO using the exact posterior (147) to find

A B = arg max E [logpg 52, C)}
AeRTy",BERLY™ Zrpa,5(1C) 7
A; 1B

ZlAi,lBlj> 08(4i % Br.;) ke 2kg

= arg max Z Cij <
Jsk

A Xr "X .
AE]R;O ’,BGR”ZO” i

As usual with EM, the sum inside log is moved outside. Solving the stationary condition, we have the blockwise
update?®

>2; CijBr,; SOy A
I g, jih , 2: ) o _ i Vg A, }:
ok Al’k 8 < Zl Az‘,lBlj ) / j Bk,] Bk’] B}w - ( Zl Az‘,lBlj ) / 4 Az,k (149)

Note that the multiplicative update preserves nonnegativity (assuming A, B are nonnegative). In matrix form, the
update is

R=CoAB A'=A0(RB"21]B") (150)
B'=B®(ART 2 AT1,,)

where @ is elementwise division (broadcasted) and ® is elementwise multiplication.

M.2 AdamNMF

Using (150), we can easily motivate a rank-r generalization of Adafactor (Section 4.8). A pseudocode is given below.
The memory overhead in estimating the second gradient moment is O((m + n)r) as opposed to O(mn) in Adam.

AdamNMF
Input: initial layer weight W1 € R™*™, rank r > 1, learning rate n > 0, initialization range ¢ > 0

1. Ao ~ Unif(0,e)™*", By ~ Unif(0,€)"*"
2. Fort=1...T:
(a) Receive the gradient G; € R™*", compute the elementwise square G7.
(b) Do one round of EM to decompose G? ~ A,B; using A;_1 and B;_; as initialization:

Rt_1 < Gf @ At_1Bt_1 At < At—l ® (Rt—lBll @ 1,—[3;1)

B+ Bi-1 0 (At_1R211 @ A:,llm)

(C) Wz+1 «— Wy *7]\/%

3. Return Wr4q € R™*™

N Vector Spaces

N.1 Normed Spaces

The function ||-|| : ¥V — R>( is a norm on a vector space V if it satisfies (i) the triangle inequality |ju + v|| <
[lul|+|v]], (ii) the absolute homogeneity ||cu|| = |a|-||u||, and (iii) the point-separating property ||u|| = 0 = u = 0g4.
For V = R%, a broad family of norms is given by the [,-norm:

d 1/p
], = (Zw) Wp> 1

i=1

28There’s a bit more going on here, since we update one variable while holding the other fixed. This version of EM is so-called
“Generalized EM”. It simply means breaking the M-step into sub-updates for blocks of parameters; as long as the sub-updates do not
decrease the MLL, the convergence property of EM remains.



This includes the popular 5,11, ls norms:

[wlly = A /Z w? (Euclidean)

[|wl|, = Z |w;| (taxicab)

ol = pli_{go [lwll, = max |w;] (maximum)
On the other hand, the “/p norm” defined as ||w||, := [{i : w; # 0}| is often mentioned in the context of promoting

sparsity, but it is not a norm (e.g., violates the traingle inequality).

N.2 Inner Product Spaces

The function (-,-) : ¥ xV — R is an inner product on the (real) vector space V if it is symmetric, linear in the first
argument, and positive-definite (i.e., (u,u) > 0 with equality iff u is zero). An inner product induces a canonical
norm by ||u|| = y/{u,u), thus an inner product space always a normed space. The most important inner product
on V = R? is the dot product (u,v) = u'v =, u;v; which induces the I norm. In contrast, there is no inner
product that induces the l; or l,, norm.

N.2.1 Dual norm

For any norm ||wl|, the dual norm |||, : V — Rx is defined as?

l|lv][, ==  sup w'v (151)
weV: |[|w||<1

The definition arises naturally in an effort to bound the dot product since
T
w v < [w][[[v]], (152)

for all v,w € V. (152) is referred to as “generalized Cauchy-Schwarz” or more accurately (the finite-dimensional
version of) Holder’s inequality. It can be verified that the dual norm is a norm itself and an involution (i.e.,

[l = llwl]).

N.3 Weighted Euclidean Norm

For any d x d positive-definite matrix A > 0, we define a “weighted Euclidean norm” by
[ul| 4 := HAl/ZuH =vulAu (153)
2

We can directly check that |||, is a norm on ¥V = R%.3Y To derive the dual norm, we observe

[lv]], = max w'v
weRL: wT Aw=1
= max u' ATY/2y (u= AY?w)
u€R?®: wTu=1

< max [ul], HA_l/QvH (Cauchy-Schwarz)
1

ueRe: uTu= 2
=VvulA~ly

= [lvl[ 4~

Choosing u oc A~1/2y yields a solution that makes the bound tight, thus |[v||, = ||v|| ,-1. See this note for a proof
using the method of Lagrangian multipliers.

29This is a different definition of the dual norm from Hilbert spaces (i-e., inner product spaces in infinite dimensions). There, the dual
norm is defined as ||v]|, = sup,ev. |jw||<1 (W, v). One can verify that ||v||, = [Jv]| (“self-dual”) using the standard Cauchy-Schwarz
inequality |(u,v)| < ||u||||v]|. (The Cauchy-Schwarz inequality can be proved directly without dual norms, so there is no circular
argument here.)

30We can also view ||u|| 4 as the canonical norm of the inner product (u,v), :=uT Av on V = R4,
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N.3.1 General A >0

Let A = 0 with r = rank (4) < d. Let A = VAV denote a thin eigendecomposition where V' € R4 is an
orthonormal basis of range (4) and A = diag (Ay ... A,) for A\; > 0. Pick any w € range (A). Then w = Vz for some
nonzero z € R”, so that

w Aw=2"VIVAV Ve =z"Az >0

Thus ||u|| , = VuT Au is a norm on V = range (A). To derive the dual norm, we can take similar steps:

l|lv]], = max w'v

weRL: wT Aw=1

max 'V
zeR™: 2T Ax=1

= max u ATV Ty (u = AY2x)
u€R™: uTu=1

max [|ul], HA_l/QVTU‘ ‘2 (Cauchy-Schwarz)

weRd: uTu=1

=VuoTVA-1Vy
=VuT Aty

= [[o]l 4+

IN

We can again verify that choosing u oc A=1/2V Ty achieves this bound, thus ||v||, = ||v|| ,+. This subsumes the above
analysis when 7 = d. When r < d (i.e., A is rank-deficient), we have R? = range (A) | null(A) (since A is symmetric)

with a nontrivial null space. In particular, there exist nonzero w € null(A) such that ||w||, = VwT Aw = 0, thus
||]| 4 fails to satisfy the point-separating property on null(4) (i.e., it becomes a “seminorm” on V = R%). Pick
any nonzero v € null(A). Assuming r > 0, we can select some wy € range (A) such that wg Awg = 1. Define
w(a) = wp + av and note that w(a) " Aw(a) = 1 for all a € R. Thus

[lv]], = max w'

weRL: wT Aw=1
> max w(a)’
a€eR

v

_ T 2
= max wo v + a||v][;
= 00

(i.e., ||v]|, is not finite for v ¢ range (A4).)

O Intuitions for the Fundamental Theorem of Calculus

Let f : R — R be differentiable with an integrable f’. Imagine finely chopping [a,b] into t; < -+ < t,41. Clearly,
the difference between f(a) and f(b) can be exactly “gathered” as

n

F0) -~ fa) =Y (f(tm) - f(m—))

i=1
By the mean value theorem, there is some &; € (¢;,t;41) such that f(t;11) — f(t;) = f/(&)At; (“slope x width”), so
fO) = fla) =) f'(&) Ak
i=1

Taking the limit n — oo gives the “Part II” of the FTC:

b
F(b) — f(a) = / F(t)dt (154)



0.1 Relative Knob
We typically use a relative knob r € [0,1]. We finely chop [0, 1] into 71 < --- < 7,41 and gather the differences

n

10 = @) = 3 (fla-+ riea(v = a) - fla+ 1o~ )

i=1
Note the width of a slice is now (b — a)Ar;. Again by the mean value theorem, for some ; € (r;,741)

Fb) = fla) =Y f(a+mi(b—a)(b—a)Ar

i=1

Taking the limit n — oo

£(b) - f(a) = / f'(a+r(b—a)(b - a)dr (155)

To check this algebraically, define the 1D path ¢(r) = f(a+r(b—a)) and apply (154) using f(b) — f(a) = ¢(1) —¢(0).

0.2 Higher Dimensions

The locally linear functional change remains beautifully invariant to dimensionality:

f:RY=SR df = (Vf(x),dx) (“directional slope x displacement”)
F:R? - R™ dF = Jp(x)dx (“Jacobian x displacement”)

One difference is that the displacement requires a choice of path since there are multiple ways go from a to b. A
natural choice is the “straight” path v(r) = a + r(b — a) in R¢ with displacement 7/(r) = b — a € R?. Thus

1 1
£(b) — fla) = / (VF((), 7 () dr = / (Vf(a+r(b—a).b—aydr (156)
F@)—FW%:AQhﬁMﬂVWM%:Athm+w@—aﬁw—aﬂr (157)

0.3 Partl

The “Part I” of the FTC is an identity statement A}, (z) = f(x) where Ay (z) = [0 f(t)dt an antiderivative of
0
(continuous) f, interpreted as signed area from a “base point” z¢.*! This follows from the rectangular approximation

As the slice gets thinner, the approximation becomes increasingly accurate. This implies

o Ag(z+h) = Ay ()
flw) = Jim, h

= A, (x)

P Smoothness

There are a few ways to assert that f : R — R does not “change too much”. Clearly, we first need to choose some

norm ||-|| : R — R. Common examples in the literature are
IV £ @Iy, < L (158)
IVf(z) = V), < Lz -z (159)
L
F(@) = f(2) = (VI(2),2 = 2)| < 5 |lo = 2| (160)

31Thus f has many antiderivatives each differing by a constant A(x) = Az, (x) + C. Let x1 be the base point of A. Then Az, (z) —
Ag, (z) = ffol f(t)dt is constant in x.



where L > 0 is a smoothness constant. (158) upper bounds the operator norm of the Hessian, defined as

Hv2f($)|||l-\HH~ll* = sup ||V2f(a:)h||* (161)

heRe:||h||=1
which collapses to the familiar spectral norm HV2f(m)||2 = max; |\;| when ||| = ||||, since V?f(z) is symmetric
(though not necessarily PSD) and |[|-||, = [|||,. (159) is so-called L-Lipschitz continuous gradient. (160) upper

bounds the linearization error.?? Note that we measure all “gradient-like” quantities in the dual norm ||-||, because
it is defined to make the pairing bound |{-,z)| < ||-||, ||=|| hold. In general (Lemma T.16):

(158) < (159) = (160)

For the choice of Euclidean norm [|-|| = ||-||5, they are all equivalent (Lemma T.17).

P.1 Contrast with Convexity

Strong convexity assumes that
m 2
f@) = f(2) = (Vf(2), 2 = 2) 2 o [lo = 2| (162)
for some m > 0. When |[|-|| = [|-||5, this is equivalent to a lower bound on the minimum eigenvalue of the Hessian
Amin(V2f(x)) > m (Lemma J.1). While (162) is seemingly similar to (160), it is a drastically stronger assumption
compared to smoothness and makes the minimizer unique (when it exists).
Q Majorization-Minimization Principle

Majorization-minimization (MM) refers to a broad design principle for minimizing a function f : X — R. At the
current iterate z € X', we build a surrogate U(+; z) such that

Ul(z;z) = f(2) (“touch”) (163)
U(z;z) > f(z) Ve e X (“majorize”) (164)
We iterates for k. =1,2,...
g1 = argmin U (z; xy) (165)
reX

By design, it monotonically decreases the objective value since

flan) = Ulwg; o) > Ulwpyr; ox) > fTrg) (166)

Convergence to a stationary point can be shown under additional conditions. A natrual surrogate is the linearization
of f at z with squared norm regularization:

U(z;2) = F(2) + (VS ()2 — 2) + % |z — 2|

It is visually clear in Euclidean space that (163) is satisfied and (164) is also satisfied if the chosen regularization
dominates linearization error. It is trivial to verify that if f is L-smooth (any of 158-160 in Appendix P), then
U(z,z) > f(z) for n < +. That is, the smoother f is (smaller L), the less we need to regularize (smaller 1/(2n)) to
ensure U is an upper bound. In unconstrained Euclidean space (i.e., X = R%, ||-|| = ||||5), the iterates (165) are
analytically given by

Tpr1 = o — VYV f(2)

which is gradient descent. Indeed, the dynamic in (166) is mechanically how gradient descent “works”.

32Df(ar:7 z) = f(z) — f(z) = (Vf(2),x — z) is called the Bregman divergence when f is convex, becoming squared Euclidean distance
if f is the squared l2 norm and KL divergence if f is the negative entropy (within the probability simplex) (Appendix C). But clearly
it can be used to measure the degree of nonlinearity for nonconvex f.



R Matrix Iteration

R.1 Power Iteration

For simplicity let X = VAV =37  Nuvv) € R™™ be a symmetric PSD matrix with nonnegative eigenvalues
A1 > -+ > X\, > 0 and corresponding orthonormal eigenvectors vy ...v, € R™. Pick a random 99 € R™ from the
unit sphere and consider for some power P € N

ip=X"0g=> Alaw; = \ar (01 +rp) (167)
i=1

where we abbreviate a; = v: 0o € R (we use the fact that a; # 0 almost surely). The error vector rp € R™ takes

the form rp = 3", (Ai/A1)F (a;/a1)v;. In particular, ||’)"p||§ = O((A2/X1)?F) and (167) converges as 9p/||0p||, —

sign (a1) vy if A > X2.33 But the scale A’a; may blow up if A\; > 1 or vanish if \; < 1, so in practice we iterate
X

dk+1 = 77~ 11
X qxll

with go = 09. We can easily check that g, = 0/ ||0x||, at every step (induction), so the theory remains the same.

R.2 Orthogonal Iteration

We may pursue the top-m eigenspace span(V,,) where V,,, = [v1...v,] by picking a random orthonormal Vo =
[00,1 - --0o,m] € R"™™ from the Stiefel manifold and iterating

Vi1 = XV (168)
Vit = QR(Vi1) (169)

where Vk+1 is an orthonormal basis of the column space of Vk+1 computed exactly by QR factorization. Clearly,
without the QR step this is simply doing m power iterations in parallel which would cause all m vectors to converge
directionally to v1. QR re-orthonormalizes the same column space and acts like implicit deflation. To draw a
parallel with the power iteration analysis, we may express Vi, = V,,, B + V| C) and note

‘7k+1 = X‘/}k = VA B + VIAL Cy

Since the top part gets multiplied by A,, and the leakage part by A, the latter relatively shrinks like A1/ M.
One can show that if A, > A1 and V[V € R™*™ is invertible (holds almost surely), the orthogonal iteration
satisfies span(Vj) — span(V,,), with the subspace error decaying as sin ©(Vi, Vi) = O((Amy1/Am)¥).3

Compute. A Householder-based QR on an n x m matrix (n > m) explicitly forming @ performs roughly 4nm? —
(4/3)m? FLOPs ((8/3)n® for a square matrix). Thus K orthogonal iterations (168-169) cost K(2n*m + 4nm? —
4/3m3) FLOPs ((14/3)n? for a square matrix). In comparison, an exact SVD typically performs bidiagonalization
(again by Householder) and a specialized bidiagonal SVD routine, costing around 4nm? — (4/3)m? plus additional
O(nm? +m?) work. In practice, it is a few times more expensive than QR.

R.2.1 Online version

We often have a situation where XM, X3 = e R™*" drifts and want to track its basis, which is identifiable
up to sign flips, permutations, and rotations (within a degenerate eigenspace). Naively we would perform exact
eigendecomposition X *) = V(A ®) (V(t))—r every step. Instead, power iteration allows for a natural online algorithm
where we initialize V(1) VD exactly and for ¢t = 2,3... compute

O — x®O7E-1 (170)
V® = QR(V®) (171)

33If no gap, it will directionally converge to the normalized projection of 99 onto the top eigensubspace.
34For full basis tracking (i.e., m = n), the convergence rate is dominated by max;(\;11/\;)* since each column i converges at a
different rate (A;11/X;)*. In contrast, tracking only the top-m subspace is governed by the single boundary ratio Am1/Am.



(i.e., single iteration on the previous estimate). This works if X ) ~ xt-1 (e.g., EMA of the gradient second
moment) and the eigengaps are not close to zero (otherwise the associated eigenvectors are not uniquely determined).
Even so, each iterate typically needs permutation and sign corrections to achieve consistent dimension labeling.
The sign consistency can be enforced easily, for instance flip the sign of @Et) if (ﬁgt)7@£t71)> < 0. The ordering
consistency can be enforced by sorting the approximate eigenvalues j\gt) = f)l@X (t)@ft) by which the columns
of V® are reordered, or more simply (though less accelerator-friendly) match the previous column ordering by

max; [(8{”, 60" )|.

R.3 Newton-Schulz Iteration

Newton-Schulz is an application of a general contraction-based principle: design a function ¢ : R — R such that

P(P(B(- -~ d(z)--+))) = 1 Vo <z <1 (172)

For instance, a sufficient set of conditions is

0<¢(x) <1 Vo< <1
o(x) > Vo<z<1
¢(1) =1

(e.g., concave on [0, 1] with maximum of 1 at = 1). It is visually clear the rate of convergence depends on how
“flat” ¢ is near x = 1, since it implies zy, < 1 gets sent immediately close to the optimum ¢(zy,) ~ 1.3
/! 1 " 1
il )(x—1)2+¢—()(x—1)3+---
2 6
Let e =1 —z € [0,1) denote the error of the current point and €next = 1 — ¢(x) < € the next. Since ¢(1) = 1,
rearranging gives us

¢(z) =o(1) +¢'()(x— 1) +

_9¢"1) » n "5 _ O(emer)

€next = ¢I(1)6 9 6

where nj,c > 1 is the location of the first nonzero term (the higher, the flatter).?® Hence after K iterations

of zpy1 = ¢(xy) starting from xg € (0, 1], the error shrinks quadratically (i.e., doubly exponentially) in nj,. as
ex = O(pow(eg, ni.)) once sufficiently small. Note that convergence collapses to ex = O(¢(1)X¢g) if njoe = 1 (i.e.,
only linear convergence assuming |¢’'(1)| < 1), so we typically assert ¢'(1) = 0.

R.3.1 Application to matrix orthogonalization

Let X = UXV T € R™*" be the SVD of a matrix. The “orthogonalized” quantity UV T € R™*" is a projection of
X onto orthonormal matrices:

O*=  min | X -O|lp,= max (X,0)=0UV"
0: 00T =I,nxm O: [|0]],=1

In lieu of (172), it is natural to numerically estimate O ~ O* by first setting X, = X/ | X = USoVT to make
the singular values in range X ;; € (0,1]*” and iterating, for some P > 2 and ¢ ...cp € R,

Xiy1 = a1 Xg + ca(Xp X ) Xi + ea( X X)) )2 Xg + -+ ep(Xp X, )71 Xy (173)
=U (C1Zk + 0222 + 0322 N CPZiP’l) VT

This is equivalent to applying (172) to each normalized singular value z = ¥¢;; € (0,1] using an odd polynomial
P
P(x) = 127 + o2 + 32" + -+ +epr?l T = Zcixgl_l
i=1

We choose P > 2 and find ¢; ... cp such that ¢(1) = Zle ¢; = 1 (stationarity) and ¢’(1) = 0 (and possibly higher
derivatives) to ensure at least quadratic local convergence. Choosing a higher P allows us to push nj,. but makes

35Note also that this is the opposite behavior of gradient-based optimization, which slows down on flat regions.
361t must be finite unless ¢ = 1 (in which case there is no work to be done).
371t would be more proper to normalize by the spectral norm, but it is less computationally convenient.



the iteration more costly. P =2 or P = 3 is a good compromise. For ¢(z) = ¢12+co23, we can solve the 2 x 2 linear
system ¢1+c2 = 1 and ¢; +3c2 = 0 to obtain the unique solution (c1,c2) = (3/2, —1/2). For ¢(z) = cix+cax®+c32°,
we can solve the 3 x 3 linear system c¢; + ¢co + ¢c3 = 1, ¢1 + 3co2 + 5ez = 0, and 6¢y + 20c3 = 0 to obtain the unique
solution (e, c¢2,c¢3) = (15/8,—5/4,3/8). Jordan et al. (2024) propose (c1,c2,c3) = (3.4445,—4.7750,2.0315) to
rapidly flatten all singular values to [1 & 0.3] in K = 5 iterations. It is best to see a visualization:

1

_3 1.3 1.2
Peupic(x) = 5x— 5%

o) = %x7%x3+ %xf’ (\ (\ . /\/\ /\//\

@ o (¥) = 3.4445% — 477502 + 2.03152°
0 Bl

~

Peuvic ( ¢cubxc( Beuvic ( Peuvic ( Beuvic() ) ) ) )

o

¢quintic(¢quimic( ¢quin1ic( ¢quintic( B quintic (x) ) ) ) )

o ‘
¢/aydan ( ¢jovd1m ( ¢j.»dan ( ¢janian ( ¢/’ardan(x ) ) ) ) ) / / ‘

o

Compute. Following Jordan et al. (2024), an economical way to compute (173) for X; € R™*™ with P =3 is

A = Xp X, (2m?n FLOPs)
By = oA + c3AL Ay (2m3 FLOPS)
Xpp1 =1 Xy + BpXg (2m*n FLOPs)

for a total of 30m3 FLOPs assuming K = 5 and m ~ n. In comparison, doing 5 iterations of power iteration
would cost ~ 24m?® FLOPs (only ~ 5m? if online) (Appendix R.2), While nominally of similar asymptotic order,
power iteration is less practical compared to NS (which is pure matmul and thus especially accelerator-friendly).
Furthermore, the convergence of NS does not depend on adjacent eigengaps but on the singular value spread.

S Subgradients

Let f : V — R denote a convex function over a finite-dimensional inner product space. A subgradient of f at
z € Vis any g € V such that the corresponding linearization lower bounds f:

f(@) = f(z) + (9,2 - 2) Ve ey (174)

The set of all such subgradients is denoted by 9f(z). It is visually clear that if f is differentiable at z we must have
the singleton 9f(z) = {Vf(2)}.

S.1 Linear Chain Rule

Let L : X — V is any linear operator. Let ¢ : X — R denote an associated affine-convex composite function
¢(z) = f(L(x) + b) where b € V. The linear chain rule for subgradients is

6(x) = L*(Df (L(x) + b)) (175)

where L* : V — X is the adjoint of L characterized by (y, L(z)) = (L*(y),x). We only prove the easy direction
0¢(z) D L*(0f(L(x) + b)) for intuition as the other direction is more complicated.

Proof. Pick any g € 0f(L(z) + b) at some z € X. (174) implies for all z € X

f(L(x) +b) = f(L(2) +b) + (9, (L(z) + b) = (L(2) + b))
= f(L(2) +0) + (g, L(z — 2))
= f(L(2) +b) +{L*(9),z — 2)

This is equivalent to the statement: ¢(z) > ¢(z) + (L*(g),z — z) for all x € X. Thus L*(g) € 0¢(z). O



S.2 Subgradients of Norms

A norm ||-]| : V¥V — R is always convex. We give a few practical characterizations of the subgradients of a vec-
tor/matrix norm composed with linear transformation, applying the linear chain rule (175):

e (V =R?) Define ¢ : R — R by ¢()\) = ||\z + b|| at some x,b € R%. Then
9p(N) = {z"2: z€d|]\z+b||} (176)

Proof: The underlying linear operator L : R — R?% is L(\) = Az. Its adjoint L* : R? — R is L*(z) = 2"z
since (z, L(A)) = Az Tz = (L*(2), \).

o (V =RP*?) Define ¢ : R¥*? — R by ¢(A) = || XA + B|| at some X, B € RP*4, Then
9p(A) ={X"Z: Z € 9| XA+ B} (177)

Proof: The underlying linear operator L : R4*4 — RP*d is [(A) = XA. Its adjoint L* : RP>*d — Rdxd jg
L*(Z) = X" Z since (Z,L(A)) =tr (Z"XA) = (XTZ,A).

Another useful characterization is given below. The proof is left as an exercise.

Alel]| ={z eV 2]l <1, {z,2) = [[z[[} (178)

T Lemmas

Lemma T.1. Let Oy = GG € R¥? where G = (g ... gr) € RT*? is the matrix of gradients with rank d. Then

tr (0;/ 2) < (179)

with equality iff Or is diagonal; more specifically, Or = diag (O’% e 03) where 01 > ... > 04 > 0 are the (distinct,
for convenience) singular values of G.

Proof. Let G = USVT denote an SVD of G. Then Op = VE2VT and thus O}/> = VEVT, so the LHS can be

d

expressed as tr (OlT/2) = > ., 0; (i.e., the nuclear norm ||G|| Let 71 ...7v4 € RT denote the columns of G.

nuc)'
Note that 7; = Ge; = US0; where 9; € R? is the i-th row of V € R#*4 (thus 07 ... 74 are orthonormal). Then the
RHS can be expressed as Z?Zl villy = Z?:l | US0;||, = Zle [|X0;||5. Thus the claim (179) can be rephrased
as: given any matrix with singular values ¥ and right singular vectors V containing rows 7 ... 703 € R?, we must
always ahve

d d
D lISeilly < D 1153, (180)
i=1 i=1

Since ¥ is on both sides, we vary the choice of V. WLOG we can assume that V is a 2 x 2 rotation matrix for the
following reasons:

e V is orthonormal. So it can be expressed as a product of Givens rotations and at most one reflection (i.e.,
diag (—e;) Ia).

e Reflection does not affect the RHS of (180).
e Thus if no rotation in a 2D subspace reduces the RHS of (180), neither does any V.

Hence assuming 7 = (cosd, —sinf) and 03 = (sin 8, cos §) for some radian 0, we can write down the objective:

min \/O‘% cos? 0 + o3 sin® 0 + \/0% sin? 0 + 03 cos? 0
0<o<2m
We can easily check that the minimum is 07 + 03 and the minimizers are 6* € { 0, g} corresponding to V = Is and
V =[0,1],[1,0]]. The latter violates the structure of V' imposed by the SVD (i.e., the ordering o1 > o3), thus we
conclude V = I,. We have established that (179) holds with equality iff G = UX. This condition is equivalent to
the condition in the statement. Specifically, the forward direction is O = GTG = %2. The backward direction is:
if Or = D for some diagonal D > 0, then G' G = D which implies there exists some orthonormal U € RT*? such
that G = UD'Y2, so0 D is a diagonal matrix of the squared singular values of G. O



Lemma T.2. Let z € Nj where z; ~ Poi(}\;) is an independent count for some rate A; > 0. Let x = > zi € No.
Then p(z|z) = Mult(z, A)(2) where \; = 2

=1

Aj.

Proof. This is a consequence of the fact that z ~ Poi(A) where A = """ | A\;. Then for any z € Nj and = € Ny
such that z = >, 2,

n )\?6_/\1 ATe—A
p(z,x) = p(z) =£[1 o plr) = —
so that
_p(za) (LA () atat TLAY  wt (ILAY) (A7) -
p(zlz) = p(z) I1, =! Are=N T Lzl As ], 2! Az - |H/\ = Mult(z, A)(2)
O

Lemma T.3. Heavy-ball SGD (25-26) with constant learning rate can achieve the following regret bound:
T
1
S l(w) — y(u) < Dy LVT *Z (181)

where L > max; ||g¢||, is the bound on the gradient norm. We additionally assume that I, is L-Lipschitz.
Proof. We use the following claims without proof which is tedious.

Claim I. Define 3 = ﬁ and y; = wy + f(wy —wi—1). Then yry1 =y — ﬁgt.

Claim IL. |[v[|, < £ for all £,

From (20) and Claim I, we have

D hye) = li(w) < Dl(;n_ 1 | 2(771T_Lu) (182)

Since l; is L-Lipschitz, from Claim IT we have

L2
o) = tu(w] < Ll = willy = Lonlloeally < 7=

(the equality follows from wy — y = —fB(wy — wi—1) = Pnve—1). Thus

TL?

Adding (182) and (183), we get

- D¥(1—p) = nTL? 24
> ttw) i) < o r s (14 25

Choosing n = &1, / ((1+u))T yields (181) O

Lemma T.4. For any twice-differentiable f : R — R,

£(1) = £(0) + £/(0) + / (1—0)f"(t)dt



Proof. Applying the FTC twice gives us

ﬂD:ﬂ®+Af%Ms

= f(0) +/O1 (f’(O) +/OS f”(t)dt> ds

1 s
= f(0) + f'(0) +/0 /0 f"(t)dt ds
11
= f(0)+ f'(0) + / / " (t)ds dt (switching integral order for 0 < s <t < 1)
o Jt
1

:ﬂ®+fﬂD+A(L%ﬁ%$ﬁ
O

Lemma T.5. Assume J : R? — R is convex and L-smooth (i.e., J(v) — J(u) < VJ(u)" (v —u) + & ||v — u||§)
Assume we perform 7' SGD steps:

gt = VJ(wy) Wiyt = Wy — NG
Let w* = argmin, cpa J(w) denote a minimizer. Choosing n = % gives us the following convergence rate:

L|jw, —w*|f3

J(wrq1) = J* < 9T (184)
Proof. From the smoothness of J
J(wy) — J(wsr) > ”gtL”g >0 (185)
Namely, an update never increases the loss. Using the convexity of J as usual, we have
J(w) = J* < g/ (wy — w") (186)

Also as usual, we express g, (w; —w*) as the difference between ||w; — w*||§ and ||wy1 — w*Hg by the SGD update:

1 2

1 s 2 .
e =0l = || = = | =l = w13+ g ol = 2 ar — )
2 L ) 2 L2 2 L
L ) 2\, llgells
= gl —w') = 5 (e = w3 = o — w]f3) + 52
L * *
< 5 (Ihoe = w15 = lwers = wl13) + T (we) = I(wes)
The last inequality uses (185). Plugging this in (186), we have
* L * (12 *[12
J(wiy1) = J* < 3 llwe = w*|[3 = [Jwir — w5
The RHS telescopes when summed over t =1...7T, giving us
L||lw; — w2
ZJ(th) —Jr < M
t=1
Since J(wri1) — J* < J(wy) — J* for all ¢ by (185), it implies (184). O

Lemma T.6. Assume J : R? — R is m-strongly convex. Let w* = arg min, cga J(w) denote the unique minimizer.
Define the Newton ball as B = {w : ||w — w*||, < 2 }. Assume that the Hessian is L-Lipschitz in the Newton ball



in operator norm for ||-||5 (i
steps:

L[V (u) = V2J( H2 < L|ju —v||, for u,v € B). Assume we perform the Newton

gt — VJ(’LUt) wt+1 = Wt — Ht_lgt
H; = V2 (wy)

If w; € B, we have

* L * 2
|weyr —w ||2§%\|wt*w I (187)

Proof. Let H; = fol V2J(w; + s(w* —w;))ds and use the exact mean-Hessian gradient expression g; = H;(w; — w*)
(128) to write
Wi — W = wg — w* —H{lgt
=wy —w* — H "Hy(wy — w*)
= (Id — Ht_lfjft)(wt — w*)

Thus
lwerr —w*lly < |[Ia — H, 1Ht|’2||wt wly
:||Ht Ht ngwt (I
< e ol
< % e — w*| 12 (strong convexity, Lipschitz Hessian)

To see the last inequality, from strong convexity we have H; > mIy (Lemma J.1) which implies H; ' < (1/m)I4
Taking the spectral norm on both sides gives HH H2 < 1/m. Also

|, — H], = H/l (V2 (w0, + s — wy)) — V2T (w)) ds

2

/ HV2 (wy 4 s(w* — wy)) — V2T (wy H2 (188)
1
< L/ s|lw* — wyl| ds (Hessian is L-Lipschitz near w*)
0
L
= 2l —

where (188) follows because for any matrix function A : R — R%*? and unit vector v € R?

1 triangle ineq. 1 1
‘K/A@@),_ <" [ lAGpllds < [ 1A s
0 2 2 0 0

From the definition ||B||, := sup,.jjyj.=1 ||Bv||,, it follows that Hfol A(s)dsH2 < fol [|A(s)], ds. O

Aloll,

s)vds

Corollary T.7. Assume the setting in Lemma T.6. If w; € B, then for all k£ > 1
. 1 N m__
e = wly < g llwe —w*ll; < 72 g (189)

In particular, wyyp € B.

Proof.

L 1
e = 0l < (5o e = 0l ) s = wly < e =0l

The first inequality is (187). The second inequality holds since w; € B (i.e., ||w; —w*|| < 7). (189) follows by
induction. O



Lemma T.8. Assume the setting in Lemma T.6. Assume further that J(w) is M-smooth. Let F; = J(w)—J* >0
and C = ML 5 0. If w, € B, then for all k > 1

CE)*
Biw <C*EF = % (190)
Proof.
M
Eiq < > |wig1 — w*[5 (smoothness)
M [ L 5\ 2
< > <2m ||we — W*Hz) (187)
ML? o
= ol —
ML? (2 \°
< 5 (Et) (strong convexity)
8m m
ML?
3ot 2 (191)
Thus E;y1 < CE?. (190) follows by induction. O
Corollary T.9. Assume the setting in Lemma T.8. If w; € B, then for all k£ > 1
B < M (192)
k= Tore

In particular, for k& > log4(%) we must have CEyj, < 1.

Proof. This follows from the M-smoothness Eyj, < & |Jwq ), — w*Hg combined with the fact that the distance to
w* halves (Corollary T.7). O

Lemma T.10. (28-31) is equivalent to

91 = Vii(a:)
Vg = gy + -1
Typr = ¢ — Ne(gp + peve) + (Mefie — Mep1 fes1) 0t

Proof. We have

W1 = W — MVt
= Tt + NefltVi—1 — NVt
=T — ﬁt(vt - /«Ltvtfl)
=Tt — mgé (193)

Combining (28) and (193), we have

Tip1 = Wil — M1 Me41Vt
=Tt — 77t9£ — Nt Ve + MtV — M1 4108
=y — 0e(gs + peve) + (Mepse — Neg1tbes1)v (194)

O

Lemma T.11. For any positive constant a > 0, \/a + O(e) = y/a+ O(e) where the asymptotic term is in € — 0F.



Proof. Let r : R — R denote the asymptotic term on the LHS. Since r(e) = O(e), for all small enough 0 < € < ¢y we
have ¢1e < |r(e)| < coe for some constants ¢1,co > 0. It also imples there exists 0 < ¢; < ¢y such that |r(e)| < a/2
for all 0 < € < ¢;. The key tool is the exact identity

a—+r(e)— a:—r(e)
Va+r(e) —va o va

For all 0 < € < €1, the denominator is at least \/a/2 (since a + r(e) > a/2) and at most (1 4+ /3/2)y/a (since
a+ r(e) < 3a/2), which implies

(o) <lverr-al < (J25)-

N —ﬁ‘ — (). O

Lemma T.12. For any positive constant a > 0, \/a + O(e) = y/a+ O(€) where the asymptotic term is in € — 0F.

Therefore,

Proof. The proof is similar to/easier than the proof of Lemma T.11 (which however does not imply the current
claim), so we leave it as an exercise. O

Lemma T.13 (Technical result for Lemma T.15). E[M2A] = O(1 — 32) as 82 — 17

Proof. Since

M = Zaigi a; = (1—$1)B} €[0,1)
=0

A=Y "bi(g} o) b = (1 - B2)B5 € [0,1)
k=0

we have

MQA = Z aiajbkgigj(g,% — (72)

.3,k

Since g;,g; and g,% are iid with mean 0 and o2, the expectation is zero for all terms except at 4 = j = k. This
implies

E[M?A] = Y Elafbig} (97 — 0°)] = (ma — o) Y afbi = (ma — o) (1 = $1)*(1 = B2) ) _ B7'5
=0 =0

i=0
_ (ma— o) (1= B1)*(1 — Ba)
1 — 5702
where my = E[g%] is the 4th moment of the gradient. Ignoring terms that are constant in B2, we have
1— B 11—

= =0(1 -5,

1— BB 1—B7+ 57 (1~ Ba) ( )
To see the last step, note that the denomiator converges to a positive constant as Sy — 17. O

Lemma T.14 (Technical result for Lemma T.15). E[A%] = O((1 — 32)?) as B2 — 1.
Proof. Recall

A:Zbk(gﬁ—az) be = (1—B2)B5 € [0,1)
k=0
where X}, := g7 — o2 are iid with E[X}] = 0, E[X?] = 72, and E[X}}] = k4 < co. Then

2
E[AY] = > Ebib;bebi X; X; X, X)) = (kg — 37) > b} + 3T4<Zb$)

.5,k



The last inequality is standard and holds from the fact that there are 3 pairings over indices ((7 : j, k : 1), (i : k,j : 1),
(i : 1,5+ k)), each contributing 743, b7b7 summing to 37%((3_,07)* — 32, bf). The second term dominates.
Specifically,

4_ (1 a4 b (1=p2)* (1= Ba)* 3
2= = S = T m e O
(the denominator tends to 4(1 — f33) as B2 — 17), while
2
ZbQ 1_7ﬂ2) =0(1-p2) = <Zb?> =0((1-p52)%)
where (1 — 32)% < (1 — 32)2. Thus E[A%] = O((1 — 32)?). O

Lemma T.15. Let M ~ Mom; (0, o> igl) and V ~ Moms(o?, 7 lﬂéb) where 81,82 € [0,1) and 02,72 > 0.

Assume supg, c(0,1) E[1/V?] < C. Define O = M . Then

VE[0?] = | / + O(1 — B2) (195)

where the asymptotic term is in So — 1.

Proof. Recall E[O?] = E[M?/V] ylelds the first term of (195) if V is treated as constant o2. More generally, we
take a Taylor expansion 1/V = 1/0% + --- and analyze the remainder terms. Let A =V — 02 Let G denote the
good event that A is small and B the bad event (i.e., its complement). We analyze

E [0?] =E [1¢0%] + E [1507] (196)

Good term. Specifically, if G is defined as the event |A| < 0%/2, we can use the following equality

1+Z/02 - kf; (j)k =v(a)<2

to explicitly bound the Taylor expansion 1/V =1/0? — A/o* + A%/o% — ... as

1 1 1 1 1 1 A A?
VoA s2irajr 2= mmat i@

Thus the good term in (196) becomes

E[lcM?] E [1eM2A] N E [1ay(A)M2A?]

E [1c0%] = (197)

6
In the first term, we have E[1gM?| = E[M?] — E[13M?] where E[M?] = Var (M) = ¢%(1 — 1)/(1 + p1) and, by
Cauchy-Schwarz, E[15M?] < /Pr(B)+/E[M4]. To bound the probability of the bad event, we use the 4th-moment
Markov inequality

(2 o

o? E[A*
Pr(B) =Pr <|A| > 2) < 0[2 4] =O0((1 - B2)?)

(%)
where E[A%] = O((1 — 32)?) can be shown by moment analysis (Lemma T.14). The use of the 4th-moment gives a
sharper bound than Chebyshev (i.e., 2nd-moment Markov), which yields Pr (B) = O(1 — 2) that is too loose to be

useful. Combining together, we have shown that the first term of (197) is

E[lcM?’] 1-p
0'2 o 1 + ﬂl

O(1—f2)

We now move on to show that the other terms are O(1— 5). Since the presence of the indicator variable only makes
the bound tighter (i.e., |E[1gX]| < |E[X]|), we ignore it in the following. The second term E[M2A] can be directly
shown as O(1—/5) (Lemma T.13). For the third term, We use the boundedness of )(A) < 2 and again the strong 4th-

moment bound E[A*] = O((1 — f32)?) to have |E [¢(A)M2A?]| < 2|E [M2A?]| < 2/E[M*]/E[AY] = O(1 - ).



Bad term. We have

B[150%)| < VPR BIVEDT =001 - o)y [B| 35 | = 001 - o

Here, we do not have an explicit control over the behavior of 1/V? (e.g., it may assign too much mass near zero),
thus we invoke the regularity assumption E[1/V?] = O(1).

Together. Going back to (196), we have

1-5 1-p

E [0?] = E [1¢0? E1102< o1 — > O(1 - f) = Lo -
(0%] = B[160%] + B [150%] = ({5 + 01— ) ) +0(1 = ) = =2+ 0(1 - )
Finally, it follows from Lemma T.12 that \/E[0%] = /175" + O(1 — f). O

Lemma T.16. (158) < (159) = (160)

Proof. (158) = (159): To exploit the Hessian bound (158) for a gradient difference, we can use the Jacobian-based
FTC (157).

1 1
|Vf(x)—Vf(z)|*:’/0 V(2 +r(z = 2))(x = 2)dr S/O [V2f(z + (2 = 2))(@ = 2)|[, dr < L]z - 2|

(159) = (158): Pick any h € R%. To exploit the gradient difference bound (159) for a Hessian, we can use the
Taylor expansion of the gradient V f(x + rh) =~ V f(x) +rV2f(z)h. For any r # 0,

HVf(:c—i—rh)—Vf(m)

IVf(z +rh) = V@)l < LIrfl|nl] = < L|nl|

*

r

Taking the limit » — 0 gives ||V2f(:r)hH* < L|lh|].
(159) = (160): To exploit the gradient difference bound (159) for an output difference, we can use the gradient-based
FTC (156).

1
(@) — F(2) = (VF(2)sa — 2)| = / (VF(z+r(x—2) = Vi(z),x - 2) dr

1
g/o (Vf(z+r(x—2)—=Vf(z),z—z)|dr
s/o IV £z + (@ — 2)) = VI, ||z — 2| dr

1
s/o (Lr ||z - 2|]) ||z — || dr

_L
)

2
||z — 2]
Lemma T.17. When ||-|| = ||-||5, we have: (158) < (159) < (160)

Proof. Since (158) < (159) = (160) always (Lemma T.16), it is sufficient to show (160) = (158). For the Euclidean
norm, we only need to show ||V2f(x)||2 < L. To exploit the linearization error bound (160) for a Hessian, we note

that the Hessian is already the main term in the linearization error. Pick any point z € R? and direction u € R?.
For any r # 0,
T (- 2 Lr? 2
7@+ ru) = @) =91 (@)Tu| = | SuT V2 @)t o) < =l

Dividing by r2/2 and taking the limit » — 0,

lim |u' V2 f(z)u + o)

r—0 7‘2

\ — [TV ()] < L fjul?

The last inequality is equivalent to HV2 f (m)|’2 <L. 0



Lemma T.18. Let w' = (r/ ||w — ngl|,)(w — ng) for nonzero w, g € R? with ||w||, =7 >0 and 5 > 0. Then
w' =w—ng* +0(n?)
1 d . . . d 1
where g— € R is the projection of g € R* onto span (w)™.
Proof. Since ||w — 779”3 =72 —2nw'g+n? ||g\|§7 we can write the renormalization as
T

T —1/2
r _ _Sw g 2 _ nw- g 2
m = (7‘ 27’,”2 + O(n )) =1+ ’/‘2 + 0(77 )

where the last equality uses (1+2)~Y/2 = 1—2/2+0(z?) with z = —2nw " g/r*> 4+ O(n?). Plugging it in the update,
we have

T
ww
U}/ =w-—n (Idxd — 7’2) g+ 0(772)

O
Lemma T.19. Let Sym(d) denote d x d symmetric matrices. Given any square matrix M € R4*? let
M4+MT M-MT
sym(M) = JrT skew(M) := —s
Note M = sym(M) + skew(M); M € Sym(d) iff M = sym(M); and skew(M) = —skew(M)T. Then
(M. $) = (sym(M), S) VS € Sym(d)
Proof. Tt is sufficient to show (skew(M),.S) = 0. For this we note
(skew (M), S) = tr (skeW(M)TS) = tr (Sskew(M)) = —tr (SskeW(M)T) = —tr (skeW(M)TS)
Since tr (skew(M)"S) = —tr (skew(M)TS), we must have tr (skew(M)TS) = 0. O
Lemma T.20. Given nonzero w, g € R? and 1 > 0, the maximizer of
= ATg (198)

= max

A€R?: ||A||<n, ATw=0
is given by A* = nz for any z € R? satisfying z € 9||g + \*w||, and w'z = 0 where A\* € argmin, g ||g + ], .
This z exists.

Proof. Note that for A already satisfying ||A|| < 7, the Lagrangian can be defined as L(A,\) = AT (g + Aw). This
implies that the dual function can be expressed in dual norm as follows:

A) = ma. AT(g+ A w) = + Aw
o) = _max  AT(g+ ) =nllg+

Since (198) satisfies Slater’s condition, strong duality holds and f* = miny g(A) = g(A*) = n||h*||, where we denote
h* = g+ A*w. So we just need to characterize a feasible A that achieves (A, g) = n||h*||,. We invoke the standard
characterization of the subgradient of a norm (178):

z e a|pl, © 2]l < 1Az, h7) = [[p7]],

This implies A* = nz for z € J||g + Mw||, orthogonal to w achieves f*. The last piece is showing the existence
of such z. Let ¢(X\) = ||g + Aw||,. Since A* minimizes ¢ we must have 0 € d#(A\*). By the subgradient chain rule
(176): Od(N\*) ={w 'z : 2 € 8||g + \*w||,}. So there exists z € d||g + A*w||, such that w'z = 0. O

Lemma T.21. Let W,G € RP*4 with D x d and 1 > 0. The maximizer of

fr= max (A, G) (199)

AERDxd: ||Al|<n, ATWAW T A=04x4

is given by A* = nZ for any Z € RP*4 satisfying Z € 0||G + WA*||, and ZTW + WTZ = 04xq where A* €
argming egym(q) ||G + WAJ|,. This Z exists.



Proof. Note that for A already satisfying ||A]| < 7, the Lagrangian can be defined as L(A,A) = (A,G) +
(1/2) (A, ATW +WTA). Since ATW +W T A is symmetric, we can assume A is symmetric WLOG (Lemma T.19).
In that case, we can write (1/2) (A,ATW + WTA) = (A, WA), yielding the dual function as dual norm:

A) = A G+WA) =1]|G+WA
g(A) AER{;%HS“ ) =1l Il

Since (199) satisfies Slater’s condition, strong duality holds and f* = miny g(A) = g(A*) = n||H*||, where we
denote H* = G + WA*. So we just need to characterize a feasible A that achieves (A, G) = n||H*||,. We invoke
the standard characterization of the subgradient of a norm (178):

Z € o[|H™], N 12l <1A(Z, H") = |[H7]],

This implies A* = nZ for Z € 9||G + WA*||, satisfying ZTW + W TZ = 04xq achieves f*. The last piece is
showing the existence of such Z. Let ¢ : R?*? — R denote the unrestricted function ¢(A) = ||G + WAJ|,. Since A*
minimizes ¢ over Sym(d), the convex optimality condition gives 04xq € 6(;3(/\*) +Sym(d)*.?® Thus Y*+ N* = 04xq
for some Y* € 9¢(A*) and N* € Sym(d)*, but then Y* = —N* is skew-only. At the same time, Y* = W 'Z for
some Z € 9||G + WA*||, by (177). Since sym(W " Z) = 0gxa, we have Z'W + W' Z = 04xq. O

38This follows from the fact that

in  ¢(A)= mi H(A) + 1. A
pomin BN = min ((4) + Tsyma(A)
where Igym(q) : R4Xd — {0, 00} is the indicator of Sym(d). Thus at a convex minimizer A*, Ogxq € 8(;5(A*) + Olsym(a)(A*). Finally,
Olgym(ay(A*) = Sym(d)L (i.e., the indicator contributes nothing for symmetric directions).
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