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Motivation: Bag-Of-Words (BOW) Document Model

v

Fixed-length documents = € V7

v

BOW parameters: word distribution py over V' defining

T
px(@) =[] pw ()
t=1

v

Model's generative story: any word in any document is
independently generated.

» What if the true generative story underlying data is different?
V ={a,b} z( = (a,a,a,a,a,a,a,a,a,a)
T =10 2® = (b,b,b,b,b,b,b,b,b,b)

» MLE: px(2™)) = px (@) = (1/2)1°
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Latent-Variable BOW (LV-BOW) Document Model

» LV-BOW parameters

» pz: “topic” distribution over {1... K}
> pw)z: conditional word distribution over V'

defining
px|z(z[2) HPW\Z zt|2) Vze{l...K}

(z) = zpz(Z) X px|z(x]2)
z=1

» Model's generative story: for each document, a topic is
generated and conditioning on that words are independently
generated
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Back to the Example

V ={a,b} z(M = (a,a,a,a,a,a,a,a,a,a)

T =10 2 = (b,b,b,b,b,b,b,b,b,b)

> K = 2 with pz(1) = pz(2) = 1/2
> pwiz(all) = pwz(b]2) =1
> px (W) = px(2?) = 1/2 > (1/2)1°

Key idea: introduce a latent variable Z to model true generative
process more faithfully
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The Latent-Variable Generative Model Paradigm

Model. Joint distribution over X and Z

pxz(x,2) = pz(2) X px|z(x|2)

Learning. We don't observe Z!

max log E pxz(T, 2)
PXZ :ENPOPX
ze€Z
px ()
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The Learning Problem

» How can we solve

max E [log prz(x, z)]

Pxz ZI~POPx
Z2€EZ

» Specifically for LV-BOW, given N documents
M 2™ € VT how can we learn topic distribution py
and conditional word distribution pyy|z that maximize

N T
Zlog (Z pz(2) x HPW|Z(x§i)’Z)>

zZEZ t=1
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A Proposed Algorithm

1. Initialize pz and pyy|z as random distributions.
2. Repeat until convergence:
2.1 Fori=1...N compute conditional posterior distribution

T 7
pz(2) x TT w2 ()|

K T 3
S 2 (2) x TTr w2 (z]2")

2)

pZ\X(Z|$(i)) =

2.2 Update model parameters by

>ity pazix (2]2%)
25:1 Zfil pZ\X(Z/LT(i))
Zilpz‘x(zm(i)) x count(w|z ()

Ywrev Yoy pzix (2]2) x count(w’|z(?)

pz(z) =

pW\Z(w|Z) =

where count(w|z(®)) is number of times w € V appears in z(%).
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Code

def compute_posterior(data, pz, pW_z)

pZ_cond
for i in rangetlentdatahh
pZ_cond[i] = {}
nornalizer = @
for z in Z:

pZ_cond[i] [z] = pZ[z] * np.prod([pW_Z[z][w] for w in datalill)

normalizer += pZ_cond[il [z

for z_in Z:
pZ_cond[i] [z] /= normalizer

return pZ_cond
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for inum in range(M):
11 = compute_log_ 11ke11huud(data, pZ, pW_Z)
print_stuff(inum, pz, pW_z,

pZ_cond = compute_posterior(data, pz, pW_z)

expected_count_Z = {}
total_expected_count_Z = @
for 2 in z:
expected_count_Z[z] = sun([pZ_cond[il [z] for i in range(len(data))])
total_expected_count_z += expected_count_Z[z]

for z in
pzlz]

expected_count_ZW = {}
for z in Z:
for w in V:
expected_count_2Wl(z, w)] = sum([pZ cond[i] [z] * data[il.count(w)
for i in range(len(data))])

expected_count_Z[z] / total_expected_count_Z

expected_count_Z = {}
for z in
expected_count_Z[z] = sum([expected_count_ZW[(z, w)] for w in V])

w in V:
pW_Z[z] [w] = expected_count_ZWl(z, w)] / expected_count_z[z]
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Code in Action

Karl Stratos

Iteration 1

pZ(1)=0.38 pz(2)=0.62
pW_Z(al1)=0.76 pW_zZ(bl1)=0.24
Log likelihood: -7.96229

Iteration 2

pZ(1)=0.50 pZ(2)=0.50
pW_Z(al1)=1.00 pW_Z(bl1)=0.00
Log likelihood: -1.38887

Iteration 3

pZ(1)=0.50 pZ(2)=0.50
pW_Z(al1)=1.00 pW_Z(bl1)=0.00
Log likelihood: -1.38629

Iteration 4

pZ(1)=0.50 pz(2)=0.50
pW_Z(al1)=1.00 pW_z(b|1)=0.00
Log likelihood: -1.38629

pW_Z(al2)=0.31

pW_Z(al2)=0.00

pW_Z(al2)=0.00

pW_Z(al2)=0.00

pW_Z(b12)=0.69

pW_Z(b12)=1.00

pW_Z(b12)=1.00

pW_Z(b12)=1.00
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Code in Action: Bad Initialization

Karl Stratos

Iteration 1

pZ(1)=0.50 pZ(2)=0.50

pW_Z(al1)=0.50 pW_z(bl1)=0.50 pW_Z(al2)=0.50
Log likelihood: -13.86294

Iteration 2

pZ(1)=0.50 pZ(2)=0.50

pW_Z(al1)=0.50 pW_Z(bl1)=0.50 pW_Z(al2)=0.50
Log likelihood: -13.86294

Iteration 3

pZ(1)=0.50 pZ(2)=0.50

pW_Z(al1)=0.50 pW_Z(b11)=0.50 pW_Z(al2)=0.50
Log likelihood: -13.86294

Iteration 4

pZ(1)=0.50 pZ(2)=0.50

pW_Z(al1)=0.50 pW_Z(b11)=0.50 pW_Z(al2)=0.50
Log likelihood: -13.86294

)=0.000977
)=0.000977
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pW_Z(b12)=0.50

pW_Z(b12)=0.50

pW_Z(b12)=0.50

pW_Z(b12)=0.50
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Another Example

Initial values

Iteration 1

pZ(1)=0.38 pz(2)=0.62
PW_Z(al1)=0.76 pW_Z(b11)=0.24
Log likelihood: -19.53394

Iteration 2

p2(1)=0.47 pz(2)=0.53
pW_Z(al1)=0.85 pW_Z(bl1)=0.15
Log likelihood: -17.41683

Iteration 3

pZ(1)=0.35 pz(2)=0.65
PW_Z(al1)=0.97 pW_Z(bl11)=0.03
Log likelihood: -16.03630

Iteration 4

pZ(1)=0.33 pz(2)=0.67
pW_2(al1)=1.00 pW_Z(b1)=0.00
Log likelihood: -15.77058

Iteration 5

pZ(1)=0.33 pz(2)=0.67
pW_Z(al1)=1.00 pW_Z(bl1)=0.00
Log likelihood: -15.77052

After convergence
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Iteration 100
pZ(1)=0.33 pz(2)=0.67

pW_z(al2)=0.31

pW_2(al2)=0.50

pW_z(al2)=0.50

pW_z(al2)=0.50

pW_Z(al2):;

PW_2(al1)=1.00 pW_Z(b11)=0.00 pW_Z(al2

Log likelihood: -15.77052

.333333
.000652

pW_Z(b12)

pW_Z(b12)

pW_Z(b12)

pW_Z(b12)

pW_Z(b12)=0.50
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Again Possible to Get Stuck in a Local Optimum

Initial values

Iteration 1

pZ(1)=0.50 pz(2)=0.50
pW_2(al1)=0.50 pW_Z(bl1)=0.50
Log Llikelihood: -20.79442

Iteration 2

pZ(1)=0.50 pz(2)=0.50
pW_Z(al1)=0.67 pW_Z(bl1)=0.33
Log likelihood: -19.09543

Iteration 3

pZ(1)=0.50 pz(2)=0.50
PW_Z(al1)=0.67 pW_Z(b|11)=0.33
Log likelihood: -19.09543

Iteration 4

pZ(1)=0.50 pz(2)=0.50
pW_2(al1)=0.67 pW_Z(b11)=0.33
Log likelihood: -19.09543

Iteration 5

pZ(1)=0.50 pz(2)=0.50
pW_z(al1)=0.67 pW_Z(bl1)=0.33
Log likelihood: -19.09543

After convergence
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.50
bW_Z(al1)=0.67 pW_Z(bl11)=0.33
Log likelihood: -19.09543

ph_z(al2)=0.50

pW_Z(al2)=0.67

pH_2(al2)=0.67

pH_2(al2)=0.67

pW_Z(al2)=0.67

pW_2(al2)=0.67

pW_2(b12)=0.50

pW_Z(b12)=0.33

pW_2(b12)=0.33

pW_2(b12)=0.33

pW_Z(b12)=0.33

pH_Z(b12)=0.
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Why Does It Work?

» A special case of the expectation maximization (EM)
algorithm adapted for LV-BOW

» EM is an extremely important and general concept

» Another special case: variational autoencoders (VAEs, next
class)
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Setting

» Original problem: difficult to optimize (nonconvex)

max E log g pxz(x,2)
Pxz T~POPx
Z2EZ

» Alternative problem: easy to optimize (often concave)

E 1
max E . llogpxz(z,2)]

Ead' VAP (-z)

where gz is some arbitrary posterior distribution that is easy

to compute
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Solving the Alternative Problem

» Many models we considered (LV-BOW, HMM, PCFG) can be
written as

pxz(r.z)= ]I prlayomien?
(T,0)€€

» & is a set of possible event type-value pairs.
» count” (a|z, z) is number of times 7 = a happens in (z, 2)
» Model has a distribution p over possible values of type 7

» Example

pXZ((C") a,a,b, b)7 2) = pZ(Q) X pW\Z(C"|2)3 X pW|Z(b|2)2 (LV'BOW)
pxz((La,La,La), (N, N, N)) = o(La|N)3
X t(N]%) x t(N|N)? x t(STOP|N) (HMM)
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Closed-Form Solution
If 2. 2(N) ~ popy are iid samples,

max xwaopX logpx z(, 2)]
Z~qz1 X (+|z)

N
S s Z Z qz1x (2|2'9) log px 2 (17, 2)

—max ZZ([Z‘X |a:() Z count” \x(i),z)long(a)

(r,a)€€

_ z) t7 (2) 1
max Z <ZZ(]ZX z|lz*" )count” (a|z )) ogp-(a)

(r,0)€E

MLE solution!

z)count” (a2, 2)

() count” (|29, 2)

valZ ‘IZ\X(
Z Zz 12 QZ\X(
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This is How We Derived LV-BOW EM Updates

Using qz/x = pz|x

Zij\;l Do pZ‘X(z’\x“))countT(z’ = z|2®, 2')

pbz(z) = - -
) Do vazl Yo pZ|X(z’|:c(Z))countT(z’ = 2"z, 2")
_ sz\i1 pZ|X(Z|$(i))
S SN pax (2 ]a®)
sl — e S (e eount (< = = w2
w|z =

/ Al  pzix (Z'2@)count” (2 = 2z, w!|x®, 2/
w'eV i=1 z |

Zﬁ\;1 pZ\X(Z|I(i))count(w|x(i))
S wer i pzx (220 count (w!|z ()
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Game Plan

» So we have established that it is often easy to solve the
alternative problem

E [
max E . 1ogpxz(z,2)]

24z X (+z)

where g7 x is any posterior distribution easy to compute

> We will relate the original log likelihood objective with this
quantity by the following slide.
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ELBO: Evidence Lower Bound

For any g7 x we define

ELBO(pxz,qzx) = _E  [logpxz(z,2)] + H(qzx)

T~Popx
Z~qz|X (-|z)

where H(qZ‘X) = [— 10gQZ\X(Z|33)]-

I~Ppopx
el VAP (-|z)

Claim. For all ¢z,

ELBO(pxz,qzx) < E [lOgZPXZ(%Z)]
T~POPx ez

with equality iff ¢|x = pz x. (Proof on board)
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EM: Coordinate Ascent on ELBO

Input: sampling access to popy, definition of pxz
Output: local optimum of

ma, E lo T,z
px? INPOPX[ gzezszZ< >]

1. Initialize pxz (e.g., random distribution).
2. Repeat until convergence:
qzx  argmax ELBO(pxz, gz x)
q9z|x
pxz <+ argmax ELBO(pxz, 17 x)
Pxz

3. Return pxz
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Equivalently

Input: sampling access to popy, definition of px
Output: local optimum of

max E log ZpXZ(:U, )
Pxz ZIT~POPx ez

1. Initialize pxz (e.g., random distribution).

2. Repeat until convergence:

Pxz ¢ argmax oopy 108Px2(2,2)]

ZNPZ\X('L'E)

3. Return pxz

Karl Stratos CS 533: Natural Language Processing
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EM Can Only Increase the Objective (Or Leave It
Unchanged)

-+ LL(xz)

—_ ELBO(p/Xqu/z\X>

+  LL(pxz)

~ LL(pxz) = ELBO(pxz,pz|x) <+ LL(pxz)

-+ ELBO(pxz,azx) = -

LL(pxz) = 1NP%PX [bg > pxz(=, Z):|
zEZ

ELBO(pxz,dz|x) = LL(pxz) — DkL(az|x|lPz|x) = [logpx z(z, 2)] + H(az|x)

E
T~POP X
ZNQZ‘X{‘W)
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EM Can Only Increase the Objective (Or Leave It
Unchanged)

o2

log P(x; 6)

9:

From https://media.nature.com/full/nature-assets/nbt/
journal/v26/n8/extref/nbt1406-S1.pdf
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Sample Version

Input: N iid samples from popy, definition of pxz
Output: local optimum of

el Zlog 2 pertet

z€EZ

1. Initialize px 7 (e.g., random distribution).

2. Repeat until convergence:

1OgPXZ( @) Z)

Pxz ¢ arg max E E pzix(z|z
Pxz =1 zeZ

3. Return pxz
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EM for HMM (Baum-Welch)

Input: sequences z(V) ... z(N) ¢ YT

1. Initialize emission o(w|y) and transition ¢(y'|y) probabilities.

2. Repeat until convergence:

N
0,t < arg max Z Z pZ‘X(z\:E(i))logpiétz(x(i),z)
o,t i=1 ZGyT
where
P (x, 2) = Ho(w’y)count((y,w)\%d X Ht(y/|y)cou"t((y,y’)\x72)
y,w yy'
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Baum-Welch Updates: Emission Probabilities

SN S ik (2]2D)count((y, w) |z, 2)
S ey S 3. pzix (2|2@)count((y, w) |z, 2)

Sty Yoy mlyla®, 1) H‘Tgl) = w“
Swev i S nlyla®, ) |27 = w]]

o(wly) =

where 1i(y|z(), 1) is the conditional probability that ¢-th label is
equal to v in (Y which can be calculated from the
forward /backward probabilities:

alt,y) x B(t,y)

(@) —
Wyl t) = -
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Baum-Welch Updates: Transition Probabilities

Zi]\il > .Pzx (,z:|ac(i))c0unt((y7 y') |g§(i)’ 2)
2yey Sy 3. pzix (2lz@)count((y, ) |2, 2)
= le\il Z?:l M(y7 y/‘x(i)a t)
> wev Zfil ZtT:I w(y, ' |z t)
where /i(y, y'[+"), 1) is the conditional probability that t-th label

pair is equal to (y,3’) in (") which can be calculated from the
forward /backward probabilities:

t(y'ly) =

) / / 1.4
a0 gy — Q) X)X ofaly/) x Bt + 1.y
px(x(l))

Karl Stratos CS 533: Natural Language Processing 27/32



Summary of Baum-Welch

> Given N unlabeled sequences, find a local optimum of

argmax—Zlog Z p )

zeyT

where o and ¢ are emission/transition probabilities of HMM

> Initialize o,t and repeat until convergence:
» Run forward-backward algorithm on () ... z() using the
current o, t values
» Use the probabilities to compute marginals.
» Use the marginals to compute “expected counts” of word-tag
pairs (w,y) and tag pairs (y, ') across all data.
» Get new o,t by the previous updates.
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EM for PCFG

Input: sequences z(V) ...z e V7T

1. Initialize rule probabilities g(ac — 3).

2. Repeat until convergence:
q <+ arg max Z Z ])Z‘X(zlaz(i)) logpg(z(x(i), z)
i=1 »eGEN(z(®))

where

pg(Z(x’Z) _ H q(a N 5)count(a—>ﬁ|m,z)

a—f
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Unary Rule Probability Updates

Zij\il Zz pZ\X(Z|£L‘(i))count(a - w|x(i)7 2)
Zw/ Zz]\il Zz pZ\X(Z|IL‘(i))C0unt(a N w/|x(¢)’ Z)

S S wala®, ) [[2 = w] ]

S S S0 el ) [ = ]

q(a — w) =

where yi(a|z(),t) is the conditional probability that a spans xf")

which can be calculated from the inside/outside probabilities:
ala,t,t) x Bla,t,t)
px (z()

palz® 1) =
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Binary Rule Probability Updates

Zf; > [)Z|X(z\:v(i))count(a — bz, 2)
Do) vazl .. pzix (zlz®)count(a — b |z, 2)
N i
B Yi1 Liceshes<r Hla = bca™ Lk, )
= = -
Db er) iz 2ai<t<k<s<t (0 =D clz® ¢k, s)

gla—=be)=

where ji(a — b ¢zt k, s) is the conditional probability that

rule a — b ¢ spans mii) .. xgi) with a split point k which can be
calculated from the inside/outside probabilities:

Bla,t,s) x qgla = be) x a(b,t, k) x alc,k+1,7)
px (D)

wla —b c|1:(i)7 t,k,s) =
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Summary Points
> Latent-variable generative models

pxz(x,2) = pz(2) X px|z(z]2)

» Learning objective

LL(pxz)= E [log» pxz(z,2)]

~pop x v

» ELBO is a “variational” lower bound on the objective
ELBO(pxz,qz/x) < LL(pxz) Vaz x

tight when ¢z x = pz|x

» EM is an alternating maximization of ELBO

qz)x + argmax ELBO(pxz,z|x) = pz|x

dz|x
pxz < argmax ELBO(pxz,qz x) = arg max E logpxz(x, 2)]
DXz PXZ T~POPX

24z X (=)
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